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A state of an open quantum system is described by a density matrix, whose dynamics is governed by
a Liouvillian superoperator. Within a general framework, we explore fundamental properties of both
first-order dissipative phase transitions and second-order dissipative phase transitions associated with
a symmetry breaking. In the critical region, we determine the general form of the steady-state density
matrix and of the Liouvillian eigenmatrix whose eigenvalue defines the Liouvillian spectral gap. We
illustrate our exact results by studying some paradigmatic quantum optical models exhibiting critical
behavior.
I. INTRODUCTION AND MOTIVATIONS
In classical physics, phase transitions are driven by a
competition between the value of the system energy and
the entropy produced by its thermal fluctuations [1]. A
quantum system at zero temperature has zero entropy and
is in its ground state, which is the state minimizing the
system energy [2]. However, critical phenomena can occur
in the thermodynamic limit as a result of the competition
between non commuting terms of the Hamiltonian.
Driven-dissipative systems have an intrinsic non-
equilibrium nature and the properties of the stationary
state of the system can not be determined via a free energy
analysis [3–7]. The statistical mechanics of such systems
can be remarkably rich. For example, classical systems [8]
can display long-range order in 2D [9], since their driven-
diffusive nature can violate the Mermin-Wagner theorem
[10], which is valid at equilibrium. At a quantum level,
by properly designing the coupling with the environment
and the driving mechanisms, it is possible to stabilize
phases without an equilibrium counterpart [11, 12].
The impressive experimental advances of the last decade
provide the opportunity to explore non-equilibrium crit-
ical phenomena on a variety of platforms. Lattices of
superconducting resonators [13, 14], Rydberg atoms in op-
tical lattices [15, 16], optomechanical systems [17, 18], and
exciton-polariton condensates [19, 20] provide a highly-
controllable playground in which to study the emergence
of dissipative phase transitions. In the thermodynamic
limit, the competition between Hamiltonian evolution,
pumping and dissipation processes can trigger a non-
analytical change in the steady state [21]. The engineering
of complex many-body phases has been deeply explored
in different contexts [22, 23]. Dissipative phase transitions
have been discussed theoretically for photonic systems [24–
36], lossy polariton condensates [37–39], and spin models
[11, 12, 21, 40–45].
The interplay between classical and quantum fluctua-
tions in triggering nonequilibrium phase transitions has
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been addressed by different methods, including renormal-
ization group approaches based on the Keldysh formalism
[37, 46, 47] and via extensive numerical analysis of lattice
systems [43, 48, 49]. Very recently, the critical properties
have been investigated also experimentally in single su-
perconducting cavities [50], semiconductor micropillars
[51, 52], and large arrays of microwave cavities [14]. Our
understanding of criticality in such systems, however,
is still in its infancy, since their description cannot be
traced back to the traditional framework of equilibrium
statistical mechanics.
One of the first investigations in this direction was
reported by Kessler et al. [21]. They considered a spe-
cific spin model, conjecturing some general properties of
dissipative phase transitions. However, a general theory
connecting Liouvillian spectral properties and dissipative
phase transitions is still lacking. In this work, we wish
to provide a common theoretical framework to describe
the emergence of critical behavior in Markovian open
quantum systems, analyzing both first- and second-order
phase transitions. We show the general form of the steady-
state density matrix in the vicinity of the critical point.
We determine also the form of the eigenmatrix of the
Liouvillian superoperator corresponding to the non-zero
eigenvalue with the smallest modulus of the real part
(the so-called Liouvillian spectral gap or asymptotic de-
cay rate). When the transition is of the first order, we
show that the gap closes only at the critical point, where
the stationary state is bimodal. Concerning second-order
phase transitions associated with a symmetry-breaking,
we provide a general spectral description proving that
the Liouvillian gap remains closed in the whole region
of broken symmetry. In this context, we highlight the
connection between the structure of the eigenmatrices and
the symmetry properties of the Lindblad master equa-
tion. Note that, according to the theory presented in this
work, when the Liouvillian gap closes, also the imaginary
part of the corresponding eigenvalue must vanish. This
is a more stringent constraint with respect to that dis-
cussed in [21], where only the real part is assumed to
vanish. Particular attention is devoted to the connection
between our results and their relation to mean-field solu-
tions, bistability phenomena and metastability. We bring
under a common paradigm apparently different phenom-
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2ena related to dissipative phase transitions which have
been observed experimentally [14, 50, 52] and predicted
theoretically [12, 48, 49, 53] for specific models. We re-
mark that our results are model-independent. One of the
goals of the present work is to identify a general spectral
mechanism which can explain these phenomena regardless
of the nature of the system (bosons, fermions, or spins)
and dimensionality.
In order to better illustrate our general results, we ana-
lyze some specific paradigmatic cases of linearly- [54] and
quadratically-driven [29, 55, 56] Kerr resonators. Those
models are known to undergo a phase transition (of first-
[31] and second-order [29], respectively) in the thermody-
namic limit of large excitation numbers.
This paper is structured as follows. In Sec. II we intro-
duce the theoretical framework, pointing out some gen-
eral key properties of the Liouvillian superoperator and
of density matrices. In Sec. III and Sec. IV we consider,
respectively, first- and second-order dissipative phase tran-
sitions. Sec. V is devoted to the numerical study of the
two paradigmatic examples mentioned above. Finally,
in Sec. VI we draw our conclusions and discuss possible
perspectives for future studies. In App. A we include the
proofs of some useful lemmas, while in App. B we consider
an exactly-solvable model presenting a nondiagonalizable
Liouvillian.
II. THEORETICAL FRAMEWORK
In this work, we will consider open quantum systems
where the coupling to a reservoir leads to a Markovian
dynamics for the system density matrix ρˆ(t), described
by a master equation in the Lindblad form [57]
∂tρˆ(t) = − i
h̵
[Hˆ, ρˆ(t)] +∑
i
γi
2
D[Γˆi]ρˆ(t), (1)
where Hˆ is the Hamiltonian describing the unitary evolu-
tion of the system, while the dissipation superoperatorsD[Γˆi] are defined as
D[Γˆi]ρˆ(t) = (2Γˆiρˆ(t)Γˆ†i − Γˆ†i Γˆiρˆ(t) − ρˆ(t)Γˆ†i Γˆi) . (2)
Each quantum jump operator Γˆi is associated with a dis-
sipation channel occurring at the rate γi. In the following,
we will consider the case where Hˆ, Γˆi, and γi are time
independent (for each i). This kind of master equation
can be applied for example to photonic quantum systems
(see, for example, Refs. [13, 14, 50–52]).
Since the Lindblad master equation (1) is linear in ρˆ,
it is possible to associate with it the so-called Liouvillian
superoperator L, defined as
∂tρˆ(t) = Lρˆ(t). (3)
The superoperator L of the Lindblad master equation is
trace-preserving and generates a completely positive map
eLt describing the time evolution of the system [3–5, 58].
For a time-independent Liouvillian, there is at least one
steady state (if the dimension of the Hilbert space is finite
[58]), i.e., a matrix such that
Lρˆss = 0. (4)
This equation means that the steady-state density matrix
is an eigenmatrix of the superoperator L corresponding
to the zero eigenvalue. Moreover, under quite general
conditions (see Refs. [59, 60] and the App. A1), the
steady state is unique. As we will see below, dissipative
phase transitions are strictly related to the violation of
this unicity condition.
Let us call H the Hilbert space of the system. A density
matrix ρˆ, as any other operator ξˆ, belongs to the operator
spaceH⊗H. The Liouvillian superoperator, instead, is L ∈
L = (H⊗H)∗ ⊗ (H⊗H), where L is the Liouville space.
In this article, we will systematically adopt the following
notation: operators will be denoted by hats (e.g., Aˆ),
superoperators will be written in calligraphic characters
(e.g., A), and states and their duals will be expressed in the
Dirac notation (∣a⟩ and ⟨a∣). A vectorized representation
of an operator Aˆ will be denoted by A⃗, while the matrix
representing a superoperator A is indicated by ¯¯A. In
particular, the matrix representation of the Liouvillian is:
¯¯L = − i ((Hˆ ⊗ 1) − (1⊗ HˆTR))+ γ
2
(2Γˆ⊗ Γˆ∗ − Γˆ†Γˆ⊗ 1 − 1⊗ ΓˆTRΓˆ∗) , (5)
where the superscript TR denotes the transposition. More-
over, we will introduce the Hilbert-Schmidt inner product
⟨Aˆ, Bˆ⟩ = Tr[Aˆ†Bˆ] , (6)
which, in the vectorized representation, takes the intuitive
form A⃗ ⋅ B⃗ = ∑µ,ν(Aˆ∗)µ,ν(Bˆ)µ,ν . The definition of the
norm naturally follows as
∥Aˆ∥2 = Tr[Aˆ†Aˆ] = A⃗ ⋅ A⃗ =∑
µ,ν
∣Aˆµ,ν ∣2. (7)
A. Spectral properties of Liouvillian
superoperators
To fully determine the dynamics of the system, the
knowledge of the steady-state density matrix ρˆss is not
enough. Indeed, one has to know all the spectrum of
the Liouvillian superoperator L, whose eigenmatrices and
eigenvalues are defined via the relation
Lρˆi = λiρˆi. (8)
Equivalently, in the vector-representation, ρ⃗i is a right-
eigenvector of the superoperator matrix ¯¯L. Having intro-
duced a norm, we require the eigenstates to be normalized:∥ρˆi∥2 = 1 [61]. Since L is not Hermitian, its eigenvectors
are, in general, not orthogonal: ρ⃗i ⋅ ρ⃗j ≠ 0. If the Li-
ouvillian is diagonalizable, we can conveniently use the
3eigenstates of L as a basis of the Liouville space, apart
from some exceptional points (see App. A 1 and Ref. [62]).
Under this hypothesis, for any operator Aˆ there exists a
unique decomposition
Aˆ =∑
i
ciρˆi. (9)
It can be proved [57, 58] that Re [λi] ≤ 0,∀i. Since
the real part of the eigenvalues is responsible for the
relaxation to the steady-state, ρˆss = limt→+∞ eLtρ(0). For
convenience, we sort the eigenvalues in such a way that∣Re [λ0]∣ < ∣Re [λ1]∣ < . . . < ∣Re [λn]∣. From this definition
it follows that λ0 = 0 and ρˆss = ρˆ0/Tr[ρˆ0]. We can also
identify another relevant quantity: the Liouvillian gap
λ = ∣Re [λ1]∣, which is also called the asymptotic decay
rate [21], determining the slowest relaxation dynamics in
the long-time limit.
For any Liouvillian, the following lemmas hold (for a
detailed proof of Lemmas 3 and 4 see App. A 2):
• Lemma 1. Given Eq.(8), eLtρˆi = eλitρˆi .
• Lemma 2. Tr[ρˆi] = 0 if Re [λi] ≠ 0.
Indeed, the Liouvillian evolution conserves the trace
[3–5, 58] and if Re [λi] ≠ 0 for t → +∞ we have
eLtρˆi = eλitρˆi → 0.
• Lemma 3. If Lρˆi = λiρˆi then Lρˆ†i = λ∗i ρˆ†i .
This implies that, if ρˆi is Hermitian, then λi has to
be real. Conversely, if λi is real and of degeneracy
1, ρˆi is Hermitian. If λi has geometric multiplic-
ity n and L is diagonalizable, it is always possible
to construct n Hermitian eigenmatrices of L with
eigenvalue λi [63].
• Lemma 4. If λi = 0 has degeneracy n, then there
exist n independent eigenvectors of the Liouvillian
(the algebraic multiplicity is identical to the geo-
metrical one). Therefore, there exist n different
steady states towards which the system can evolve,
depending on the initial condition.
B. Spectral decomposition of density matrices
Let us consider a system admitting a unique steady
state. To be physical, its ρˆ(t) must be a Hermitian,
positive-definite matrix with trace equal to one. Hence,
from Lemma 2, to ensure Tr[ρ(t)] = 1 at every time, we
must have:
ρˆ(t) = ρˆ0
Tr[ρˆ0] +∑i≠0 ci(t)ρˆi = ρˆss +∑i≠0 ci(0)eλitρˆi. (10)
1. The case of a real Liouvillian eigenvalue λi
When λi is real, ρˆi can be constructed to be Hermitian
(see Lemma 3 of Sec. II A). Thus, it can be diagonalized,
obtaining the spectral decomposition [58]
ρˆi =∑
n
p(i)n ∣ψ(i)n ⟩ ⟨ψ(i)n ∣ , (11)
where all the p(i)n must be real and ⟨ψ(i)n ∣ψ(i)m ⟩ = δn,m.
Moreover, since ρˆi is traceless (see Lemma 2 of Sec. II A),
some of the p(i)n must be positive and the others negative.
We can order them in such a way to have p(i)n > 0 for
n ≤ n¯ and p(i)n < 0 for n > n¯. Thus, we have:
ρˆi ∝ ρˆ+i − ρˆ−i , (12)
where
ρˆ+i = ∑
n≤n¯p(i)n ∣ψ(i)n ⟩ ⟨ψ(i)n ∣ ,
ρˆ−i = − ∑
n>n¯p(i)n ∣ψ(i)n ⟩ ⟨ψ(i)n ∣ (13)
and where the {pn} have been normalized to ensure
Tr[ρˆ+i ] = Tr[ρˆ−i ] = 1. With this definition, ρˆ±i are
density matrices. Consequently, a state of the form
ρˆ(0) = ρˆss +Aρˆi will evolve in time as [62]
ρˆ(t) = ρˆss +Aeλit(ρˆ+i − ρˆ−i ). (14)
2. The case of a complex Liouvillian eigenvalue λi
Let us now consider an eigenmatrix ρˆi with a complex
eigenvalue λi. As it stems from Eq. (10), to ensure an
Hermitian ρˆ(t) such an eigenmatrix must always appear
in combination with its Hermitian conjugate ρˆ†i , which is
also an eigenmatrix of L (Lemma 3 of Sec. II A). Thus, one
can simply consider the Hermitian combinations ρˆi + ρˆ†i
and i (ρˆi − ρˆ†i ). For example, given an initial condition
ρˆ(0) = ρˆss +A(ρˆi + ρˆ†i ) with A real, one has [62]:
ρˆ(t) = ρˆss +A (eλitρˆi + eλ∗i tρˆ†i) = ρˆss +AeRe[λi]t (ρˆieiIm[λi]t + ρˆ†ie−iIm[λi]t)= ρˆss + 2AeRe[λi]t [(ρˆi + ρˆ†i) cos(Im [λi] t) + i (ρˆi − ρˆ†i) sin(Im [λi] t)] . (15)
C. Definition of dissipative phase transitions
Let us consider a system where a thermodynamic limit
is obtained when a parameter N → +∞. For example,
in a lattice of spins, N would be the number of lattice
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<latexit sha1_base64="GuxCrrGvyaGrwIsuK URaXUYeo1Y=">AAAC0XicjVHLSsNAFD2Nr1pfVZdugkVwY0lE0GXRjcuK9gF9kaTTNjTNhMlEKKUgb v0Bt/pT4h/oX3hnTEEtohOSnDn3njNz73WjwI+lZb1mjIXFpeWV7GpubX1jcyu/vVONeSI8VvF4wE XddWIW+CGrSF8GrB4J5ozcgNXc4YWK126ZiH0e3shxxFojpx/6Pd9zJFHt5sCRk6YY8GnHbh918gWr aOllzgM7BQWkq8zzL2iiCw4PCUZgCCEJB3AQ09OADQsRcS1MiBOEfB1nmCJH2oSyGGU4xA7p26ddI 2VD2ivPWKs9OiWgV5DSxAFpOOUJwuo0U8cT7azY37wn2lPdbUx/N/UaESsxIPYv3SzzvzpVi0QPZ7o Gn2qKNKOq81KXRHdF3dz8UpUkh4g4hbsUF4Q9rZz12dSaWNeueuvo+JvOVKzae2lugnd1Sxqw/XOc 86B6XLSton11Uiidp6POYg/7OKR5nqKES5RRIW+BRzzh2bg2xsadcf+ZamRSzS6+LePhA/+XlNg=</ latexit><latexit sha1_base64="GuxCrrGvyaGrwIsuK URaXUYeo1Y=">AAAC0XicjVHLSsNAFD2Nr1pfVZdugkVwY0lE0GXRjcuK9gF9kaTTNjTNhMlEKKUgb v0Bt/pT4h/oX3hnTEEtohOSnDn3njNz73WjwI+lZb1mjIXFpeWV7GpubX1jcyu/vVONeSI8VvF4wE XddWIW+CGrSF8GrB4J5ozcgNXc4YWK126ZiH0e3shxxFojpx/6Pd9zJFHt5sCRk6YY8GnHbh918gWr aOllzgM7BQWkq8zzL2iiCw4PCUZgCCEJB3AQ09OADQsRcS1MiBOEfB1nmCJH2oSyGGU4xA7p26ddI 2VD2ivPWKs9OiWgV5DSxAFpOOUJwuo0U8cT7azY37wn2lPdbUx/N/UaESsxIPYv3SzzvzpVi0QPZ7o Gn2qKNKOq81KXRHdF3dz8UpUkh4g4hbsUF4Q9rZz12dSaWNeueuvo+JvOVKzae2lugnd1Sxqw/XOc 86B6XLSton11Uiidp6POYg/7OKR5nqKES5RRIW+BRzzh2bg2xsadcf+ZamRSzS6+LePhA/+XlNg=</ latexit><latexit sha1_base64="GuxCrrGvyaGrwIsuK URaXUYeo1Y=">AAAC0XicjVHLSsNAFD2Nr1pfVZdugkVwY0lE0GXRjcuK9gF9kaTTNjTNhMlEKKUgb v0Bt/pT4h/oX3hnTEEtohOSnDn3njNz73WjwI+lZb1mjIXFpeWV7GpubX1jcyu/vVONeSI8VvF4wE XddWIW+CGrSF8GrB4J5ozcgNXc4YWK126ZiH0e3shxxFojpx/6Pd9zJFHt5sCRk6YY8GnHbh918gWr aOllzgM7BQWkq8zzL2iiCw4PCUZgCCEJB3AQ09OADQsRcS1MiBOEfB1nmCJH2oSyGGU4xA7p26ddI 2VD2ivPWKs9OiWgV5DSxAFpOOUJwuo0U8cT7azY37wn2lPdbUx/N/UaESsxIPYv3SzzvzpVi0QPZ7o Gn2qKNKOq81KXRHdF3dz8UpUkh4g4hbsUF4Q9rZz12dSaWNeueuvo+JvOVKzae2lugnd1Sxqw/XOc 86B6XLSton11Uiidp6POYg/7OKR5nqKES5RRIW+BRzzh2bg2xsadcf+ZamRSzS6+LePhA/+XlNg=</ latexit><latexit sha1_base64="GuxCrrGvyaGrwIsuK URaXUYeo1Y=">AAAC0XicjVHLSsNAFD2Nr1pfVZdugkVwY0lE0GXRjcuK9gF9kaTTNjTNhMlEKKUgb v0Bt/pT4h/oX3hnTEEtohOSnDn3njNz73WjwI+lZb1mjIXFpeWV7GpubX1jcyu/vVONeSI8VvF4wE XddWIW+CGrSF8GrB4J5ozcgNXc4YWK126ZiH0e3shxxFojpx/6Pd9zJFHt5sCRk6YY8GnHbh918gWr aOllzgM7BQWkq8zzL2iiCw4PCUZgCCEJB3AQ09OADQsRcS1MiBOEfB1nmCJH2oSyGGU4xA7p26ddI 2VD2ivPWKs9OiWgV5DSxAFpOOUJwuo0U8cT7azY37wn2lPdbUx/N/UaESsxIPYv3SzzvzpVi0QPZ7o Gn2qKNKOq81KXRHdF3dz8UpUkh4g4hbsUF4Q9rZz12dSaWNeueuvo+JvOVKzae2lugnd1Sxqw/XOc 86B6XLSton11Uiidp6POYg/7OKR5nqKES5RRIW+BRzzh2bg2xsadcf+ZamRSzS6+LePhA/+XlNg=</ latexit>
⇢ˆ 1
<latexit sha1_base64 ="GuxCrrGvyaGrwIsuKURaXUYeo1Y=">AAAC0Xi cjVHLSsNAFD2Nr1pfVZdugkVwY0lE0GXRjcuK9 gF9kaTTNjTNhMlEKKUgbv0Bt/pT4h/oX3hnTEEt ohOSnDn3njNz73WjwI+lZb1mjIXFpeWV7GpubX1 jcyu/vVONeSI8VvF4wEXddWIW+CGrSF8GrB4J5o zcgNXc4YWK126ZiH0e3shxxFojpx/6Pd9zJFHt 5sCRk6YY8GnHbh918gWraOllzgM7BQWkq8zzL2i iCw4PCUZgCCEJB3AQ09OADQsRcS1MiBOEfB1nmC JH2oSyGGU4xA7p26ddI2VD2ivPWKs9OiWgV5DSx AFpOOUJwuo0U8cT7azY37wn2lPdbUx/N/UaESs xIPYv3SzzvzpVi0QPZ7oGn2qKNKOq81KXRHdF3d z8UpUkh4g4hbsUF4Q9rZz12dSaWNeueuvo+JvOV Kzae2lugnd1Sxqw/XOc86B6XLSton11Uiidp6PO Yg/7OKR5nqKES5RRIW+BRzzh2bg2xsadcf+ZamR SzS6+LePhA/+XlNg=</latexit><latexit sha1_base64 ="GuxCrrGvyaGrwIsuKURaXUYeo1Y=">AAAC0Xi cjVHLSsNAFD2Nr1pfVZdugkVwY0lE0GXRjcuK9 gF9kaTTNjTNhMlEKKUgbv0Bt/pT4h/oX3hnTEEt ohOSnDn3njNz73WjwI+lZb1mjIXFpeWV7GpubX1 jcyu/vVONeSI8VvF4wEXddWIW+CGrSF8GrB4J5o zcgNXc4YWK126ZiH0e3shxxFojpx/6Pd9zJFHt 5sCRk6YY8GnHbh918gWraOllzgM7BQWkq8zzL2i iCw4PCUZgCCEJB3AQ09OADQsRcS1MiBOEfB1nmC JH2oSyGGU4xA7p26ddI2VD2ivPWKs9OiWgV5DSx AFpOOUJwuo0U8cT7azY37wn2lPdbUx/N/UaESs xIPYv3SzzvzpVi0QPZ7oGn2qKNKOq81KXRHdF3d z8UpUkh4g4hbsUF4Q9rZz12dSaWNeueuvo+JvOV Kzae2lugnd1Sxqw/XOc86B6XLSton11Uiidp6PO Yg/7OKR5nqKES5RRIW+BRzzh2bg2xsadcf+ZamR SzS6+LePhA/+XlNg=</latexit><latexit sha1_base64 ="GuxCrrGvyaGrwIsuKURaXUYeo1Y=">AAAC0Xi cjVHLSsNAFD2Nr1pfVZdugkVwY0lE0GXRjcuK9 gF9kaTTNjTNhMlEKKUgbv0Bt/pT4h/oX3hnTEEt ohOSnDn3njNz73WjwI+lZb1mjIXFpeWV7GpubX1 jcyu/vVONeSI8VvF4wEXddWIW+CGrSF8GrB4J5o zcgNXc4YWK126ZiH0e3shxxFojpx/6Pd9zJFHt 5sCRk6YY8GnHbh918gWraOllzgM7BQWkq8zzL2i iCw4PCUZgCCEJB3AQ09OADQsRcS1MiBOEfB1nmC JH2oSyGGU4xA7p26ddI2VD2ivPWKs9OiWgV5DSx AFpOOUJwuo0U8cT7azY37wn2lPdbUx/N/UaESs xIPYv3SzzvzpVi0QPZ7oGn2qKNKOq81KXRHdF3d z8UpUkh4g4hbsUF4Q9rZz12dSaWNeueuvo+JvOV Kzae2lugnd1Sxqw/XOc86B6XLSton11Uiidp6PO Yg/7OKR5nqKES5RRIW+BRzzh2bg2xsadcf+ZamR SzS6+LePhA/+XlNg=</latexit><latexit sha1_base64 ="GuxCrrGvyaGrwIsuKURaXUYeo1Y=">AAAC0Xi cjVHLSsNAFD2Nr1pfVZdugkVwY0lE0GXRjcuK9 gF9kaTTNjTNhMlEKKUgbv0Bt/pT4h/oX3hnTEEt ohOSnDn3njNz73WjwI+lZb1mjIXFpeWV7GpubX1 jcyu/vVONeSI8VvF4wEXddWIW+CGrSF8GrB4J5o zcgNXc4YWK126ZiH0e3shxxFojpx/6Pd9zJFHt 5sCRk6YY8GnHbh918gWraOllzgM7BQWkq8zzL2i iCw4PCUZgCCEJB3AQ09OADQsRcS1MiBOEfB1nmC JH2oSyGGU4xA7p26ddI2VD2ivPWKs9OiWgV5DSx AFpOOUJwuo0U8cT7azY37wn2lPdbUx/N/UaESs xIPYv3SzzvzpVi0QPZ7oGn2qKNKOq81KXRHdF3d z8UpUkh4g4hbsUF4Q9rZz12dSaWNeueuvo+JvOV Kzae2lugnd1Sxqw/XOc86B6XLSton11Uiidp6PO Yg/7OKR5nqKES5RRIW+BRzzh2bg2xsadcf+ZamR SzS6+LePhA/+XlNg=</latexit>
⇢ˆ+1
<latexit sha1_base64="JnTUVA3200Nkih+sq xL0IHdmmkk=">AAAC0XicjVHLSsNAFD2Nr1pfVZdugkUQhJKIoMuiG5cV7QP6IkmnbWiaCZOJUEpB 3PoDbvWnxD/Qv/DOmIJaRCckOXPuPWfm3utGgR9Ly3rNGAuLS8sr2dXc2vrG5lZ+e6ca80R4rOLx gIu668Qs8ENWkb4MWD0SzBm5Aau5wwsVr90yEfs8vJHjiLVGTj/0e77nSKLazYEjJ00x4NOO3T7q5 AtW0dLLnAd2CgpIV5nnX9BEFxweEozAEEISDuAgpqcBGxYi4lqYECcI+TrOMEWOtAllMcpwiB3St0 +7RsqGtFeesVZ7dEpAryCliQPScMoThNVppo4n2lmxv3lPtKe625j+buo1IlZiQOxfulnmf3WqFo keznQNPtUUaUZV56Uuie6Kurn5pSpJDhFxCncpLgh7Wjnrs6k1sa5d9dbR8TedqVi199LcBO/qljR g++c450H1uGhbRfvqpFA6T0edxR72cUjzPEUJlyijQt4Cj3jCs3FtjI074/4z1cikml18W8bDB/rX lNY=</latexit><latexit sha1_base64="JnTUVA3200Nkih+sq xL0IHdmmkk=">AAAC0XicjVHLSsNAFD2Nr1pfVZdugkUQhJKIoMuiG5cV7QP6IkmnbWiaCZOJUEpB 3PoDbvWnxD/Qv/DOmIJaRCckOXPuPWfm3utGgR9Ly3rNGAuLS8sr2dXc2vrG5lZ+e6ca80R4rOLx gIu668Qs8ENWkb4MWD0SzBm5Aau5wwsVr90yEfs8vJHjiLVGTj/0e77nSKLazYEjJ00x4NOO3T7q5 AtW0dLLnAd2CgpIV5nnX9BEFxweEozAEEISDuAgpqcBGxYi4lqYECcI+TrOMEWOtAllMcpwiB3St0 +7RsqGtFeesVZ7dEpAryCliQPScMoThNVppo4n2lmxv3lPtKe625j+buo1IlZiQOxfulnmf3WqFo keznQNPtUUaUZV56Uuie6Kurn5pSpJDhFxCncpLgh7Wjnrs6k1sa5d9dbR8TedqVi199LcBO/qljR g++c450H1uGhbRfvqpFA6T0edxR72cUjzPEUJlyijQt4Cj3jCs3FtjI074/4z1cikml18W8bDB/rX lNY=</latexit><latexit sha1_base64="JnTUVA3200Nkih+sq xL0IHdmmkk=">AAAC0XicjVHLSsNAFD2Nr1pfVZdugkUQhJKIoMuiG5cV7QP6IkmnbWiaCZOJUEpB 3PoDbvWnxD/Qv/DOmIJaRCckOXPuPWfm3utGgR9Ly3rNGAuLS8sr2dXc2vrG5lZ+e6ca80R4rOLx gIu668Qs8ENWkb4MWD0SzBm5Aau5wwsVr90yEfs8vJHjiLVGTj/0e77nSKLazYEjJ00x4NOO3T7q5 AtW0dLLnAd2CgpIV5nnX9BEFxweEozAEEISDuAgpqcBGxYi4lqYECcI+TrOMEWOtAllMcpwiB3St0 +7RsqGtFeesVZ7dEpAryCliQPScMoThNVppo4n2lmxv3lPtKe625j+buo1IlZiQOxfulnmf3WqFo keznQNPtUUaUZV56Uuie6Kurn5pSpJDhFxCncpLgh7Wjnrs6k1sa5d9dbR8TedqVi199LcBO/qljR g++c450H1uGhbRfvqpFA6T0edxR72cUjzPEUJlyijQt4Cj3jCs3FtjI074/4z1cikml18W8bDB/rX lNY=</latexit><latexit sha1_base64="JnTUVA3200Nkih+sq xL0IHdmmkk=">AAAC0XicjVHLSsNAFD2Nr1pfVZdugkUQhJKIoMuiG5cV7QP6IkmnbWiaCZOJUEpB 3PoDbvWnxD/Qv/DOmIJaRCckOXPuPWfm3utGgR9Ly3rNGAuLS8sr2dXc2vrG5lZ+e6ca80R4rOLx gIu668Qs8ENWkb4MWD0SzBm5Aau5wwsVr90yEfs8vJHjiLVGTj/0e77nSKLazYEjJ00x4NOO3T7q5 AtW0dLLnAd2CgpIV5nnX9BEFxweEozAEEISDuAgpqcBGxYi4lqYECcI+TrOMEWOtAllMcpwiB3St0 +7RsqGtFeesVZ7dEpAryCliQPScMoThNVppo4n2lmxv3lPtKe625j+buo1IlZiQOxfulnmf3WqFo keznQNPtUUaUZV56Uuie6Kurn5pSpJDhFxCncpLgh7Wjnrs6k1sa5d9dbR8TedqVi199LcBO/qljR g++c450H1uGhbRfvqpFA6T0edxR72cUjzPEUJlyijQt4Cj3jCs3FtjI074/4z1cikml18W8bDB/rX lNY=</latexit>
for ⇣ = ⇣c
<latexit sha1_base64="pXM21qE4Sum6I/XMKQv9B2t u8k4=">AAAC3nicjVHLSsNAFD2N7/qKuhI3wSK4KokICiIU3bhUsFVoSk3GqYbmxWQi1FLcuRO3/oBb/RzxD/QvvD NG8IHohMycOfeeM3Pn+mkYZNK2n0vG0PDI6Nj4RHlyanpm1pybb2RJLhivsyRMxLHvZTwMYl6XgQz5cSq4F/khP/K 7uyp+dMFFFiTxoeylvBV5Z3HQCZgniWqbi31XRFYnEQN3y3IvufS29dxmbbNiV209rJ/AKUAFxdhPzCe4OEUChhwR OGJIwiE8ZPQ14cBGSlwLfeIEoUDHOQYokzanLE4ZHrFdms9o1yzYmPbKM9NqRqeE9AtSWlghTUJ5grA6zdLxXDsr9 jfvvvZUd+vR6hdeEbES58T+pfvI/K9O1SLRwaauIaCaUs2o6ljhkutXUTe3PlUlySElTuFTigvCTCs/3tnSmkzXrt 7W0/EXnalYtWdFbo5XdUtqsPO9nT9BY63q2FXnYL1S2ylaPY4lLGOV+rmBGvawjzp5X+EeD3g0Toxr48a4fU81SoV mAV+GcfcGSkSZlg==</latexit><latexit sha1_base64="pXM21qE4Sum6I/XMKQv9B2t u8k4=">AAAC3nicjVHLSsNAFD2N7/qKuhI3wSK4KokICiIU3bhUsFVoSk3GqYbmxWQi1FLcuRO3/oBb/RzxD/QvvD NG8IHohMycOfeeM3Pn+mkYZNK2n0vG0PDI6Nj4RHlyanpm1pybb2RJLhivsyRMxLHvZTwMYl6XgQz5cSq4F/khP/K 7uyp+dMFFFiTxoeylvBV5Z3HQCZgniWqbi31XRFYnEQN3y3IvufS29dxmbbNiV209rJ/AKUAFxdhPzCe4OEUChhwR OGJIwiE8ZPQ14cBGSlwLfeIEoUDHOQYokzanLE4ZHrFdms9o1yzYmPbKM9NqRqeE9AtSWlghTUJ5grA6zdLxXDsr9 jfvvvZUd+vR6hdeEbES58T+pfvI/K9O1SLRwaauIaCaUs2o6ljhkutXUTe3PlUlySElTuFTigvCTCs/3tnSmkzXrt 7W0/EXnalYtWdFbo5XdUtqsPO9nT9BY63q2FXnYL1S2ylaPY4lLGOV+rmBGvawjzp5X+EeD3g0Toxr48a4fU81SoV mAV+GcfcGSkSZlg==</latexit><latexit sha1_base64="pXM21qE4Sum6I/XMKQv9B2t u8k4=">AAAC3nicjVHLSsNAFD2N7/qKuhI3wSK4KokICiIU3bhUsFVoSk3GqYbmxWQi1FLcuRO3/oBb/RzxD/QvvD NG8IHohMycOfeeM3Pn+mkYZNK2n0vG0PDI6Nj4RHlyanpm1pybb2RJLhivsyRMxLHvZTwMYl6XgQz5cSq4F/khP/K 7uyp+dMFFFiTxoeylvBV5Z3HQCZgniWqbi31XRFYnEQN3y3IvufS29dxmbbNiV209rJ/AKUAFxdhPzCe4OEUChhwR OGJIwiE8ZPQ14cBGSlwLfeIEoUDHOQYokzanLE4ZHrFdms9o1yzYmPbKM9NqRqeE9AtSWlghTUJ5grA6zdLxXDsr9 jfvvvZUd+vR6hdeEbES58T+pfvI/K9O1SLRwaauIaCaUs2o6ljhkutXUTe3PlUlySElTuFTigvCTCs/3tnSmkzXrt 7W0/EXnalYtWdFbo5XdUtqsPO9nT9BY63q2FXnYL1S2ylaPY4lLGOV+rmBGvawjzp5X+EeD3g0Toxr48a4fU81SoV mAV+GcfcGSkSZlg==</latexit><latexit sha1_base64="pXM21qE4Sum6I/XMKQv9B2t u8k4=">AAAC3nicjVHLSsNAFD2N7/qKuhI3wSK4KokICiIU3bhUsFVoSk3GqYbmxWQi1FLcuRO3/oBb/RzxD/QvvD NG8IHohMycOfeeM3Pn+mkYZNK2n0vG0PDI6Nj4RHlyanpm1pybb2RJLhivsyRMxLHvZTwMYl6XgQz5cSq4F/khP/K 7uyp+dMFFFiTxoeylvBV5Z3HQCZgniWqbi31XRFYnEQN3y3IvufS29dxmbbNiV209rJ/AKUAFxdhPzCe4OEUChhwR OGJIwiE8ZPQ14cBGSlwLfeIEoUDHOQYokzanLE4ZHrFdms9o1yzYmPbKM9NqRqeE9AtSWlghTUJ5grA6zdLxXDsr9 jfvvvZUd+vR6hdeEbES58T+pfvI/K9O1SLRwaauIaCaUs2o6ljhkutXUTe3PlUlySElTuFTigvCTCs/3tnSmkzXrt 7W0/EXnalYtWdFbo5XdUtqsPO9nT9BY63q2FXnYL1S2ylaPY4lLGOV+rmBGvawjzp5X+EeD3g0Toxr48a4fU81SoV mAV+GcfcGSkSZlg==</latexit>
⇢ˆ0 / ⇢ˆ+1 + ⇢ˆ 1
<latexit sha1_base64="7wSEV5dzztLzv6 yVKd7YPJmjeKg=">AAAC+HicjVHLSsNAFD3GV62vqEs3wSIIYklU0GXRjcsKthVaLUkc29A 0EyYToZZ+iDt34tYfcKtfIP6B/oV3xhTUIjohyZlz7zkz914vDoNE2vbrmDE+MTk1nZvJz8 7NLyyaS8vVhKfCZxWfh1ycem7CwiBiFRnIkJ3GgrldL2Q1r3Oo4rUrJpKARyeyF7OzrtuK gsvAdyVRTXOn0XZlvyHafNC0G7HgseTWF84537Q2vxNbTbNgF229rFHgZKCAbJW5+YIGLsD hI0UXDBEk4RAuEnrqcGAjJu4MfeIEoUDHGQbIkzalLEYZLrEd+rZoV8/YiPbKM9Fqn04J6R WktLBOGk55grA6zdLxVDsr9jfvvvZUd+vR38u8usRKtIn9SzfM/K9O1SJxiX1dQ0A1xZpR1 fmZS6q7om5ufalKkkNMnMIXFBeEfa0c9tnSmkTXrnrr6vibzlSs2vtZbop3dUsasPNznKOg ul107KJzvFsoHWSjzmEVa9igee6hhCOUUSHvGzziCc/GtXFr3Bn3n6nGWKZZwbdlPHwANz +kGg==</latexit><latexit sha1_base64="7wSEV5dzztLzv6 yVKd7YPJmjeKg=">AAAC+HicjVHLSsNAFD3GV62vqEs3wSIIYklU0GXRjcsKthVaLUkc29A 0EyYToZZ+iDt34tYfcKtfIP6B/oV3xhTUIjohyZlz7zkz914vDoNE2vbrmDE+MTk1nZvJz8 7NLyyaS8vVhKfCZxWfh1ycem7CwiBiFRnIkJ3GgrldL2Q1r3Oo4rUrJpKARyeyF7OzrtuK gsvAdyVRTXOn0XZlvyHafNC0G7HgseTWF84537Q2vxNbTbNgF229rFHgZKCAbJW5+YIGLsD hI0UXDBEk4RAuEnrqcGAjJu4MfeIEoUDHGQbIkzalLEYZLrEd+rZoV8/YiPbKM9Fqn04J6R WktLBOGk55grA6zdLxVDsr9jfvvvZUd+vR38u8usRKtIn9SzfM/K9O1SJxiX1dQ0A1xZpR1 fmZS6q7om5ufalKkkNMnMIXFBeEfa0c9tnSmkTXrnrr6vibzlSs2vtZbop3dUsasPNznKOg ul107KJzvFsoHWSjzmEVa9igee6hhCOUUSHvGzziCc/GtXFr3Bn3n6nGWKZZwbdlPHwANz +kGg==</latexit><latexit sha1_base64="7wSEV5dzztLzv6 yVKd7YPJmjeKg=">AAAC+HicjVHLSsNAFD3GV62vqEs3wSIIYklU0GXRjcsKthVaLUkc29A 0EyYToZZ+iDt34tYfcKtfIP6B/oV3xhTUIjohyZlz7zkz914vDoNE2vbrmDE+MTk1nZvJz8 7NLyyaS8vVhKfCZxWfh1ycem7CwiBiFRnIkJ3GgrldL2Q1r3Oo4rUrJpKARyeyF7OzrtuK gsvAdyVRTXOn0XZlvyHafNC0G7HgseTWF84537Q2vxNbTbNgF229rFHgZKCAbJW5+YIGLsD hI0UXDBEk4RAuEnrqcGAjJu4MfeIEoUDHGQbIkzalLEYZLrEd+rZoV8/YiPbKM9Fqn04J6R WktLBOGk55grA6zdLxVDsr9jfvvvZUd+vR38u8usRKtIn9SzfM/K9O1SJxiX1dQ0A1xZpR1 fmZS6q7om5ufalKkkNMnMIXFBeEfa0c9tnSmkTXrnrr6vibzlSs2vtZbop3dUsasPNznKOg ul107KJzvFsoHWSjzmEVa9igee6hhCOUUSHvGzziCc/GtXFr3Bn3n6nGWKZZwbdlPHwANz +kGg==</latexit><latexit sha1_base64="7wSEV5dzztLzv6 yVKd7YPJmjeKg=">AAAC+HicjVHLSsNAFD3GV62vqEs3wSIIYklU0GXRjcsKthVaLUkc29A 0EyYToZZ+iDt34tYfcKtfIP6B/oV3xhTUIjohyZlz7zkz914vDoNE2vbrmDE+MTk1nZvJz8 7NLyyaS8vVhKfCZxWfh1ycem7CwiBiFRnIkJ3GgrldL2Q1r3Oo4rUrJpKARyeyF7OzrtuK gsvAdyVRTXOn0XZlvyHafNC0G7HgseTWF84537Q2vxNbTbNgF229rFHgZKCAbJW5+YIGLsD hI0UXDBEk4RAuEnrqcGAjJu4MfeIEoUDHGQbIkzalLEYZLrEd+rZoV8/YiPbKM9Fqn04J6R WktLBOGk55grA6zdLxVDsr9jfvvvZUd+vR38u8usRKtIn9SzfM/K9O1SJxiX1dQ0A1xZpR1 fmZS6q7om5ufalKkkNMnMIXFBeEfa0c9tnSmkTXrnrr6vibzlSs2vtZbop3dUsasPNznKOg ul107KJzvFsoHWSjzmEVa9igee6hhCOUUSHvGzziCc/GtXFr3Bn3n6nGWKZZwbdlPHwANz +kGg==</latexit>
Figure 1. Sketch depicting the paradigm of a first-order
dissipative phase transition, formally described in Sec. III. In
the thermodynamic limit, the Liouvillian gap λ = ∣Re [λ1]∣
closes when the parameter ζ of the Liouvillian assumes the
critical value ζc. We note that, for ζ ≃ ζc, we must also have
Im [λ1] = 0. Right before (after) the critical point, the steady-
state density matrix ρˆss ≃ ρˆ−1 (ρˆss ≃ ρˆ+1), which represents one
of the two different phases of the system. At the critical point
ζ = ζc, ρˆss is bimodal: the steady state is a statistical mixture
of ρˆ+1 and ρˆ−1 .
sites. For any finite N , the system always admits a
unique steady-state solution. In the thermodynamic limit
N → +∞, a transition between two different phases is
characterized by the nonanalytical behavior of some ζ-
independent observable oˆ when the parameter ζ tends
to the critical value ζc. Formally, we say that there is a
phase transition of order M if
lim
ζ→ζc ∣ ∂M∂ζM limN→+∞Tr[ρˆss(ζ,N)oˆ]∣ = +∞. (16)
Since oˆ does not depend on ζ, the discontinuity in Eq. (16)
is due to a discontinuous behavior in ρˆss(ζ,N →∞). As
proved in [64], a discontinuity of an eigenmatrix is to
be associated with a level crossing in the spectrum of
the Liouvillian. Since ρˆss is associated with λ0 = 0, the
phase transition must coincide with the closure of the
Liouvillian gap [21, 65] (indeed, in this case, is more cor-
rect to talk about level touching). Therefore, dissipative
phase transitions are intimately connected to the emer-
gence of multiple steady states in the thermodynamic
limit N → +∞.
III. FIRST ORDER PHASE TRANSITION
In this section we consider the emergence of a first-order
dissipative phase transition at ζ = ζc in the thermody-
namic limit N → +∞. Such a transition must be associ-
ated with the existence of two different steady states, one
for ζ < ζc and the other for ζ > ζc, which implies that
λ1(ζ,N → +∞) ≠ λ0 = 0 for ζ ≠ ζc. (17)
According to our definition, a first-order dissipative phase
transition occurs when Eq. (16) is satisfied for M = 1,
which also corresponds to
lim
ζ→ζ+c limN→+∞ ρˆss(ζ,N) ≡ ρˆ+ ≠ ρˆ− ≡ limζ→ζ−c limN→+∞ ρˆss(ζ,N),
(18)
which defines ρ+ (ρ−) as the steady state in the thermody-
namic limit right after (before) the critical point. From Eq.
(18) we can write that ρˆss(ζ) = θ(ζ − ζc)ρˆ+ + θ(ζc − ζ)ρˆ−
for ζ ≠ ζc, where θ(x) is the Heaviside step function. As-
suming the continuity of the Liouvillian, we can state
that L(ζc)ρˆ± = 0 (we drop the explicit dependence on N
when assuming the thermodynamic limit). This implies
that λ1(ζc) = λ0 = 0 and hence ρˆss(ζc) and ρˆ1(ζc) belong
to the kernel spanned by ρˆ±. It is worth stressing that
in the thermodynamic limit and for ζ = ζc, both the real
and imaginary part of λ1 must vanish. Furthermore, in
a first-order dissipative phase transition, the condition
Im [λ1] = 0 must hold in a finite domain around ζc, as a
consequence of Lemma 3 [66].
Lemma 2 (Sec. II) ensures that Tr[ρˆ1(ζ)] = 0 if λ1(ζ) ≠
0 (i.e., ζ ≠ ζc). Moreover, as discussed in [64], λ1(ζ) must
be continuous in a domain of the parameter space around
ζ = ζc (c.f. Fig. 1). By analogy, we want also ρˆ1(ζ) to
be continuous around ζc, and to extend the zero-trace
condition we must set
ρˆ1(ζc)∝ ρˆ+ − ρˆ−. (19)
The above equation allows the identification of the states
ρˆ±1 obtained with the eigendecomposition (12) with the
two phases ρˆ± [Eq. (18)] emerging in the thermodynamic
limit. Together with the continuity requirement, this
allows ud to interpret ρˆ±1(ζ) ≃ ρˆ± in a domain around
ζ = ζc. In this region, since the Liouvillian gap is finite,
we also have ρˆ0(ζ) ∝ ρˆss(ζ). Using that θ(0) = 1/2, we
can infer
ρˆ0(ζc)∝ ρˆ+ + ρˆ−. (20)
Accordingly, ρˆ0(ζc) and ρˆ1(ζc) are orthogonal, since⟨ρˆ0(ζc), ρˆ1(ζc)⟩∝ Tr[(ρ+)2] −Tr[(ρ−)2] = 0.
For large but finite N , provided that ∣Re [λ2] ∣ ≫∣Re [λ1] ∣ > 0, Eqs. (19) and (20) are asymptotic good
approximations and, since ρˆ± = ρˆ±1(ζc,N), we get the
asymptotic expression
ρˆss(ζc,N) ≃ ρˆ+1(ζc,N) + ρˆ−1(ζc,N)2 , (21)
which ensures Hermiticity and unit trace of the ρˆss(ζc,N).
Let us note that Eq. (21) has a clear physical inter-
pretation: at the critical point, for a finite-size system,
5eˆ⇢j
<latexit sha1_base64="WmFbLN3D27iuI1G8LhQ1rY/8P5Y =">AAAC3XicjVHLSsNAFD2Nr1pfVTeCm2ARXJVEBF0W3bisYB/QlpKk03Y0TcJkopRSd+7ErT/gVn9H/AP9C++MKahFdEKSM +fec2buvW7k81ha1mvGmJmdm1/ILuaWlldW1/LrG9U4TITHKl7oh6LuOjHzecAqkkuf1SPBnIHrs5p7eaLitSsmYh4G53IYs dbA6QW8yz1HEtXObzX7jhw1r3mHSe532Kgp+uF43L5o5wtW0dLLnAZ2CgpIVznMv6CJDkJ4SDAAQwBJ2IeDmJ4GbFiIiGthR JwgxHWcYYwcaRPKYpThEHtJ3x7tGikb0F55xlrt0Sk+vYKUJnZJE1KeIKxOM3U80c6K/c17pD3V3Yb0d1OvAbESfWL/0k0y/ 6tTtUh0caRr4FRTpBlVnZe6JLor6ubml6okOUTEKdyhuCDsaeWkz6bWxLp21VtHx990pmLV3ktzE7yrW9KA7Z/jnAbV/aJtF e2zg0LpOB11FtvYwR7N8xAlnKKMCnnf4BFPeDbaxq1xZ9x/phqZVLOJb8t4+ACcy5oq</latexit><latexit sha1_base64="WmFbLN3D27iuI1G8LhQ1rY/8P5Y =">AAAC3XicjVHLSsNAFD2Nr1pfVTeCm2ARXJVEBF0W3bisYB/QlpKk03Y0TcJkopRSd+7ErT/gVn9H/AP9C++MKahFdEKSM +fec2buvW7k81ha1mvGmJmdm1/ILuaWlldW1/LrG9U4TITHKl7oh6LuOjHzecAqkkuf1SPBnIHrs5p7eaLitSsmYh4G53IYs dbA6QW8yz1HEtXObzX7jhw1r3mHSe532Kgp+uF43L5o5wtW0dLLnAZ2CgpIVznMv6CJDkJ4SDAAQwBJ2IeDmJ4GbFiIiGthR JwgxHWcYYwcaRPKYpThEHtJ3x7tGikb0F55xlrt0Sk+vYKUJnZJE1KeIKxOM3U80c6K/c17pD3V3Yb0d1OvAbESfWL/0k0y/ 6tTtUh0caRr4FRTpBlVnZe6JLor6ubml6okOUTEKdyhuCDsaeWkz6bWxLp21VtHx990pmLV3ktzE7yrW9KA7Z/jnAbV/aJtF e2zg0LpOB11FtvYwR7N8xAlnKKMCnnf4BFPeDbaxq1xZ9x/phqZVLOJb8t4+ACcy5oq</latexit><latexit sha1_base64="WmFbLN3D27iuI1G8LhQ1rY/8P5Y =">AAAC3XicjVHLSsNAFD2Nr1pfVTeCm2ARXJVEBF0W3bisYB/QlpKk03Y0TcJkopRSd+7ErT/gVn9H/AP9C++MKahFdEKSM +fec2buvW7k81ha1mvGmJmdm1/ILuaWlldW1/LrG9U4TITHKl7oh6LuOjHzecAqkkuf1SPBnIHrs5p7eaLitSsmYh4G53IYs dbA6QW8yz1HEtXObzX7jhw1r3mHSe532Kgp+uF43L5o5wtW0dLLnAZ2CgpIVznMv6CJDkJ4SDAAQwBJ2IeDmJ4GbFiIiGthR JwgxHWcYYwcaRPKYpThEHtJ3x7tGikb0F55xlrt0Sk+vYKUJnZJE1KeIKxOM3U80c6K/c17pD3V3Yb0d1OvAbESfWL/0k0y/ 6tTtUh0caRr4FRTpBlVnZe6JLor6ubml6okOUTEKdyhuCDsaeWkz6bWxLp21VtHx990pmLV3ktzE7yrW9KA7Z/jnAbV/aJtF e2zg0LpOB11FtvYwR7N8xAlnKKMCnnf4BFPeDbaxq1xZ9x/phqZVLOJb8t4+ACcy5oq</latexit><latexit sha1_base64="WmFbLN3D27iuI1G8LhQ1rY/8P5Y =">AAAC3XicjVHLSsNAFD2Nr1pfVTeCm2ARXJVEBF0W3bisYB/QlpKk03Y0TcJkopRSd+7ErT/gVn9H/AP9C++MKahFdEKSM +fec2buvW7k81ha1mvGmJmdm1/ILuaWlldW1/LrG9U4TITHKl7oh6LuOjHzecAqkkuf1SPBnIHrs5p7eaLitSsmYh4G53IYs dbA6QW8yz1HEtXObzX7jhw1r3mHSe532Kgp+uF43L5o5wtW0dLLnAZ2CgpIVznMv6CJDkJ4SDAAQwBJ2IeDmJ4GbFiIiGthR JwgxHWcYYwcaRPKYpThEHtJ3x7tGikb0F55xlrt0Sk+vYKUJnZJE1KeIKxOM3U80c6K/c17pD3V3Yb0d1OvAbESfWL/0k0y/ 6tTtUh0caRr4FRTpBlVnZe6JLor6ubml6okOUTEKdyhuCDsaeWkz6bWxLp21VtHx990pmLV3ktzE7yrW9KA7Z/jnAbV/aJtF e2zg0LpOB11FtvYwR7N8xAlnKKMCnnf4BFPeDbaxq1xZ9x/phqZVLOJb8t4+ACcy5oq</latexit>
eˆ⇢j+1
<latexit sha1_base64="cf19jR0rDaEl1oYf7u1HM5DWG 1w=">AAAC4XicjVHLSsNAFD3G97vqUhfBIghCSUTQZdGNSwVbC1ZKMp22Y9MkTCZKCd24cydu/QG3+jPiH+hfeGdMwQe iE5KcOfeeM3Pv9eNAJMpxXkas0bHxicmp6ZnZufmFxcLScjWJUsl4hUVBJGu+l/BAhLyihAp4LZbc6/kBP/W7Bzp+esl lIqLwRPVjft7z2qFoCeYpohqFtXrHU1n9SjS5EkGTZ3XZiQaDRnax5Q4ahaJTcsyyfwI3B0Xk6ygqPKOOJiIwpOiBI4Q iHMBDQs8ZXDiIiTtHRpwkJEycY4AZ0qaUxSnDI7ZL3zbtznI2pL32TIya0SkBvZKUNjZIE1GeJKxPs008Nc6a/c07M57 6bn36+7lXj1iFDrF/6YaZ/9XpWhRa2DM1CKopNoyujuUuqemKvrn9qSpFDjFxGjcpLgkzoxz22TaaxNSue+uZ+KvJ1Kze szw3xZu+JQ3Y/T7On6C6XXKdknu8Uyzv56OewirWsUnz3EUZhzhChbyv8YBHPFnMurFurbuPVGsk16zgy7Lu3wGHCJum </latexit><latexit sha1_base64="cf19jR0rDaEl1oYf7u1HM5DWG 1w=">AAAC4XicjVHLSsNAFD3G97vqUhfBIghCSUTQZdGNSwVbC1ZKMp22Y9MkTCZKCd24cydu/QG3+jPiH+hfeGdMwQe iE5KcOfeeM3Pv9eNAJMpxXkas0bHxicmp6ZnZufmFxcLScjWJUsl4hUVBJGu+l/BAhLyihAp4LZbc6/kBP/W7Bzp+esl lIqLwRPVjft7z2qFoCeYpohqFtXrHU1n9SjS5EkGTZ3XZiQaDRnax5Q4ahaJTcsyyfwI3B0Xk6ygqPKOOJiIwpOiBI4Q iHMBDQs8ZXDiIiTtHRpwkJEycY4AZ0qaUxSnDI7ZL3zbtznI2pL32TIya0SkBvZKUNjZIE1GeJKxPs008Nc6a/c07M57 6bn36+7lXj1iFDrF/6YaZ/9XpWhRa2DM1CKopNoyujuUuqemKvrn9qSpFDjFxGjcpLgkzoxz22TaaxNSue+uZ+KvJ1Kze szw3xZu+JQ3Y/T7On6C6XXKdknu8Uyzv56OewirWsUnz3EUZhzhChbyv8YBHPFnMurFurbuPVGsk16zgy7Lu3wGHCJum </latexit><latexit sha1_base64="cf19jR0rDaEl1oYf7u1HM5DWG 1w=">AAAC4XicjVHLSsNAFD3G97vqUhfBIghCSUTQZdGNSwVbC1ZKMp22Y9MkTCZKCd24cydu/QG3+jPiH+hfeGdMwQe iE5KcOfeeM3Pv9eNAJMpxXkas0bHxicmp6ZnZufmFxcLScjWJUsl4hUVBJGu+l/BAhLyihAp4LZbc6/kBP/W7Bzp+esl lIqLwRPVjft7z2qFoCeYpohqFtXrHU1n9SjS5EkGTZ3XZiQaDRnax5Q4ahaJTcsyyfwI3B0Xk6ygqPKOOJiIwpOiBI4Q iHMBDQs8ZXDiIiTtHRpwkJEycY4AZ0qaUxSnDI7ZL3zbtznI2pL32TIya0SkBvZKUNjZIE1GeJKxPs008Nc6a/c07M57 6bn36+7lXj1iFDrF/6YaZ/9XpWhRa2DM1CKopNoyujuUuqemKvrn9qSpFDjFxGjcpLgkzoxz22TaaxNSue+uZ+KvJ1Kze szw3xZu+JQ3Y/T7On6C6XXKdknu8Uyzv56OewirWsUnz3EUZhzhChbyv8YBHPFnMurFurbuPVGsk16zgy7Lu3wGHCJum </latexit><latexit sha1_base64="cf19jR0rDaEl1oYf7u1HM5DWG 1w=">AAAC4XicjVHLSsNAFD3G97vqUhfBIghCSUTQZdGNSwVbC1ZKMp22Y9MkTCZKCd24cydu/QG3+jPiH+hfeGdMwQe iE5KcOfeeM3Pv9eNAJMpxXkas0bHxicmp6ZnZufmFxcLScjWJUsl4hUVBJGu+l/BAhLyihAp4LZbc6/kBP/W7Bzp+esl lIqLwRPVjft7z2qFoCeYpohqFtXrHU1n9SjS5EkGTZ3XZiQaDRnax5Q4ahaJTcsyyfwI3B0Xk6ygqPKOOJiIwpOiBI4Q iHMBDQs8ZXDiIiTtHRpwkJEycY4AZ0qaUxSnDI7ZL3zbtznI2pL32TIya0SkBvZKUNjZIE1GeJKxPs008Nc6a/c07M57 6bn36+7lXj1iFDrF/6YaZ/9XpWhRa2DM1CKopNoyujuUuqemKvrn9qSpFDjFxGjcpLgkzoxz22TaaxNSue+uZ+KvJ1Kze szw3xZu+JQ3Y/T7On6C6XXKdknu8Uyzv56OewirWsUnz3EUZhzhChbyv8YBHPFnMurFurbuPVGsk16zgy7Lu3wGHCJum </latexit>
Zn
<latexit sha1_base64="oobF5bkgrZ3tv5ie3IuaT4uQ8C0=">AAAC0HicjVHLSsNAFD2N r1pfVZdugkVwVRIRdCm6cVnFPrAtZTKdtqF5mUxEKUXc+gNu9avEP9C/8M6YglpEJyQ5c+49Z+be60Sem0jLes0ZM7Nz8wv5xcLS8srqWnF9o5aEacxFlYdeGDcclgjPDURVutITjSgWzHc 8UXeGJypevxZx4obBhbyNRNtn/cDtuZxJototn8kBZ97octwJOsWSVbb0MqeBnYESslUJiy9ooYsQHCl8CASQhD0wJPQ0YcNCRFwbI+JiQq6OC4xRIG1KWYIyGLFD+vZp18zYgPbKM9FqTq d49MakNLFDmpDyYsLqNFPHU+2s2N+8R9pT3e2W/k7m5RMrMSD2L90k8786VYtED4e6BpdqijSjquOZS6q7om5ufqlKkkNEnMJdiseEuVZO+mxqTaJrV71lOv6mMxWr9jzLTfGubkkDtn+Oc xrU9sq2VbbP9ktHx9mo89jCNnZpngc4wikqqJL3FR7xhGfj3Lgx7oz7z1Qjl2k28W0ZDx/dypTS</latexit><latexit sha1_base64="oobF5bkgrZ3tv5ie3IuaT4uQ8C0=">AAAC0HicjVHLSsNAFD2N r1pfVZdugkVwVRIRdCm6cVnFPrAtZTKdtqF5mUxEKUXc+gNu9avEP9C/8M6YglpEJyQ5c+49Z+be60Sem0jLes0ZM7Nz8wv5xcLS8srqWnF9o5aEacxFlYdeGDcclgjPDURVutITjSgWzHc 8UXeGJypevxZx4obBhbyNRNtn/cDtuZxJototn8kBZ97octwJOsWSVbb0MqeBnYESslUJiy9ooYsQHCl8CASQhD0wJPQ0YcNCRFwbI+JiQq6OC4xRIG1KWYIyGLFD+vZp18zYgPbKM9FqTq d49MakNLFDmpDyYsLqNFPHU+2s2N+8R9pT3e2W/k7m5RMrMSD2L90k8786VYtED4e6BpdqijSjquOZS6q7om5ufqlKkkNEnMJdiseEuVZO+mxqTaJrV71lOv6mMxWr9jzLTfGubkkDtn+Oc xrU9sq2VbbP9ktHx9mo89jCNnZpngc4wikqqJL3FR7xhGfj3Lgx7oz7z1Qjl2k28W0ZDx/dypTS</latexit><latexit sha1_base64="oobF5bkgrZ3tv5ie3IuaT4uQ8C0=">AAAC0HicjVHLSsNAFD2N r1pfVZdugkVwVRIRdCm6cVnFPrAtZTKdtqF5mUxEKUXc+gNu9avEP9C/8M6YglpEJyQ5c+49Z+be60Sem0jLes0ZM7Nz8wv5xcLS8srqWnF9o5aEacxFlYdeGDcclgjPDURVutITjSgWzHc 8UXeGJypevxZx4obBhbyNRNtn/cDtuZxJototn8kBZ97octwJOsWSVbb0MqeBnYESslUJiy9ooYsQHCl8CASQhD0wJPQ0YcNCRFwbI+JiQq6OC4xRIG1KWYIyGLFD+vZp18zYgPbKM9FqTq d49MakNLFDmpDyYsLqNFPHU+2s2N+8R9pT3e2W/k7m5RMrMSD2L90k8786VYtED4e6BpdqijSjquOZS6q7om5ufqlKkkNEnMJdiseEuVZO+mxqTaJrV71lOv6mMxWr9jzLTfGubkkDtn+Oc xrU9sq2VbbP9ktHx9mo89jCNnZpngc4wikqqJL3FR7xhGfj3Lgx7oz7z1Qjl2k28W0ZDx/dypTS</latexit><latexit sha1_base64="oobF5bkgrZ3tv5ie3IuaT4uQ8C0=">AAAC0HicjVHLSsNAFD2N r1pfVZdugkVwVRIRdCm6cVnFPrAtZTKdtqF5mUxEKUXc+gNu9avEP9C/8M6YglpEJyQ5c+49Z+be60Sem0jLes0ZM7Nz8wv5xcLS8srqWnF9o5aEacxFlYdeGDcclgjPDURVutITjSgWzHc 8UXeGJypevxZx4obBhbyNRNtn/cDtuZxJototn8kBZ97octwJOsWSVbb0MqeBnYESslUJiy9ooYsQHCl8CASQhD0wJPQ0YcNCRFwbI+JiQq6OC4xRIG1KWYIyGLFD+vZp18zYgPbKM9FqTq d49MakNLFDmpDyYsLqNFPHU+2s2N+8R9pT3e2W/k7m5RMrMSD2L90k8786VYtED4e6BpdqijSjquOZS6q7om5ufqlKkkNEnMJdiseEuVZO+mxqTaJrV71lOv6mMxWr9jzLTfGubkkDtn+Oc xrU9sq2VbbP9ktHx9mo89jCNnZpngc4wikqqJL3FR7xhGfj3Lgx7oz7z1Qjl2k28W0ZDx/dypTS</latexit>
eˆ⇢j
<latexit sha1_base64="WmFbLN3D27i uI1G8LhQ1rY/8P5Y=">AAAC3XicjVHLSsNAFD2Nr1pfVTeCm2ARXJVEBF0W3bisYB/ QlpKk03Y0TcJkopRSd+7ErT/gVn9H/AP9C++MKahFdEKSM+fec2buvW7k81ha1mvG mJmdm1/ILuaWlldW1/LrG9U4TITHKl7oh6LuOjHzecAqkkuf1SPBnIHrs5p7eaLit SsmYh4G53IYsdbA6QW8yz1HEtXObzX7jhw1r3mHSe532Kgp+uF43L5o5wtW0dLLnAZ 2CgpIVznMv6CJDkJ4SDAAQwBJ2IeDmJ4GbFiIiGthRJwgxHWcYYwcaRPKYpThEHtJ 3x7tGikb0F55xlrt0Sk+vYKUJnZJE1KeIKxOM3U80c6K/c17pD3V3Yb0d1OvAbESf WL/0k0y/6tTtUh0caRr4FRTpBlVnZe6JLor6ubml6okOUTEKdyhuCDsaeWkz6bWxLp 21VtHx990pmLV3ktzE7yrW9KA7Z/jnAbV/aJtFe2zg0LpOB11FtvYwR7N8xAlnKKM Cnnf4BFPeDbaxq1xZ9x/phqZVLOJb8t4+ACcy5oq</latexit><latexit sha1_base64="WmFbLN3D27i uI1G8LhQ1rY/8P5Y=">AAAC3XicjVHLSsNAFD2Nr1pfVTeCm2ARXJVEBF0W3bisYB/ QlpKk03Y0TcJkopRSd+7ErT/gVn9H/AP9C++MKahFdEKSM+fec2buvW7k81ha1mvG mJmdm1/ILuaWlldW1/LrG9U4TITHKl7oh6LuOjHzecAqkkuf1SPBnIHrs5p7eaLit SsmYh4G53IYsdbA6QW8yz1HEtXObzX7jhw1r3mHSe532Kgp+uF43L5o5wtW0dLLnAZ 2CgpIVznMv6CJDkJ4SDAAQwBJ2IeDmJ4GbFiIiGthRJwgxHWcYYwcaRPKYpThEHtJ 3x7tGikb0F55xlrt0Sk+vYKUJnZJE1KeIKxOM3U80c6K/c17pD3V3Yb0d1OvAbESf WL/0k0y/6tTtUh0caRr4FRTpBlVnZe6JLor6ubml6okOUTEKdyhuCDsaeWkz6bWxLp 21VtHx990pmLV3ktzE7yrW9KA7Z/jnAbV/aJtFe2zg0LpOB11FtvYwR7N8xAlnKKM Cnnf4BFPeDbaxq1xZ9x/phqZVLOJb8t4+ACcy5oq</latexit><latexit sha1_base64="WmFbLN3D27i uI1G8LhQ1rY/8P5Y=">AAAC3XicjVHLSsNAFD2Nr1pfVTeCm2ARXJVEBF0W3bisYB/ QlpKk03Y0TcJkopRSd+7ErT/gVn9H/AP9C++MKahFdEKSM+fec2buvW7k81ha1mvG mJmdm1/ILuaWlldW1/LrG9U4TITHKl7oh6LuOjHzecAqkkuf1SPBnIHrs5p7eaLit SsmYh4G53IYsdbA6QW8yz1HEtXObzX7jhw1r3mHSe532Kgp+uF43L5o5wtW0dLLnAZ 2CgpIVznMv6CJDkJ4SDAAQwBJ2IeDmJ4GbFiIiGthRJwgxHWcYYwcaRPKYpThEHtJ 3x7tGikb0F55xlrt0Sk+vYKUJnZJE1KeIKxOM3U80c6K/c17pD3V3Yb0d1OvAbESf WL/0k0y/6tTtUh0caRr4FRTpBlVnZe6JLor6ubml6okOUTEKdyhuCDsaeWkz6bWxLp 21VtHx990pmLV3ktzE7yrW9KA7Z/jnAbV/aJtFe2zg0LpOB11FtvYwR7N8xAlnKKM Cnnf4BFPeDbaxq1xZ9x/phqZVLOJb8t4+ACcy5oq</latexit><latexit sha1_base64="WmFbLN3D27i uI1G8LhQ1rY/8P5Y=">AAAC3XicjVHLSsNAFD2Nr1pfVTeCm2ARXJVEBF0W3bisYB/ QlpKk03Y0TcJkopRSd+7ErT/gVn9H/AP9C++MKahFdEKSM+fec2buvW7k81ha1mvG mJmdm1/ILuaWlldW1/LrG9U4TITHKl7oh6LuOjHzecAqkkuf1SPBnIHrs5p7eaLit SsmYh4G53IYsdbA6QW8yz1HEtXObzX7jhw1r3mHSe532Kgp+uF43L5o5wtW0dLLnAZ 2CgpIVznMv6CJDkJ4SDAAQwBJ2IeDmJ4GbFiIiGthRJwgxHWcYYwcaRPKYpThEHtJ 3x7tGikb0F55xlrt0Sk+vYKUJnZJE1KeIKxOM3U80c6K/c17pD3V3Yb0d1OvAbESf WL/0k0y/6tTtUh0caRr4FRTpBlVnZe6JLor6ubml6okOUTEKdyhuCDsaeWkz6bWxLp 21VtHx990pmLV3ktzE7yrW9KA7Z/jnAbV/aJtFe2zg0LpOB11FtvYwR7N8xAlnKKM Cnnf4BFPeDbaxq1xZ9x/phqZVLOJb8t4+ACcy5oq</latexit>
ζ�
ζ
λ
for ⇣   ⇣c
<latexit sha1_base64="bMivyyPXK5Q7Zh 0MCAbcT0WON6I=">AAAC4XicjVHLSsNAFD2N73fVpS6CRXBVEhEU3IhuXCrYWmhKScZpHcz LyUSoxY07d+LWH3CrPyP+gf6Fd8YIahGdkOTMufecmXtvkIYiU47zUrKGhkdGx8YnJqemZ2 bnyvML9SzJJeM1loSJbAR+xkMR85oSKuSNVHI/CkJ+HJzt6fjxBZeZSOIj1Ut5K/K7segI5 iui2uXlvicju5PIK2/b9i658r0uPzegzdrlilN1zLIHgVuACop1kJSf4eEECRhyROCIoQi H8JHR04QLBylxLfSJk4SEiXNcYZK0OWVxyvCJPaNvl3bNgo1prz0zo2Z0SkivJKWNVdIklC cJ69NsE8+Ns2Z/8+4bT323Hv2DwisiVuGU2L90n5n/1elaFDrYMjUIqik1jK6OFS656Yq+u f2lKkUOKXEan1BcEmZG+dln22gyU7vurW/iryZTs3rPitwcb/qWNGD35zgHQX296jpV93Cj srNbjHocS1jBGs1zEzvYxwFq5H2NBzziyWLWjXVr3X2kWqVCs4hvy7p/BxYhmxA=</latex it><latexit sha1_base64="bMivyyPXK5Q7Zh 0MCAbcT0WON6I=">AAAC4XicjVHLSsNAFD2N73fVpS6CRXBVEhEU3IhuXCrYWmhKScZpHcz LyUSoxY07d+LWH3CrPyP+gf6Fd8YIahGdkOTMufecmXtvkIYiU47zUrKGhkdGx8YnJqemZ2 bnyvML9SzJJeM1loSJbAR+xkMR85oSKuSNVHI/CkJ+HJzt6fjxBZeZSOIj1Ut5K/K7segI5 iui2uXlvicju5PIK2/b9i658r0uPzegzdrlilN1zLIHgVuACop1kJSf4eEECRhyROCIoQi H8JHR04QLBylxLfSJk4SEiXNcYZK0OWVxyvCJPaNvl3bNgo1prz0zo2Z0SkivJKWNVdIklC cJ69NsE8+Ns2Z/8+4bT323Hv2DwisiVuGU2L90n5n/1elaFDrYMjUIqik1jK6OFS656Yq+u f2lKkUOKXEan1BcEmZG+dln22gyU7vurW/iryZTs3rPitwcb/qWNGD35zgHQX296jpV93Cj srNbjHocS1jBGs1zEzvYxwFq5H2NBzziyWLWjXVr3X2kWqVCs4hvy7p/BxYhmxA=</latex it><latexit sha1_base64="bMivyyPXK5Q7Zh 0MCAbcT0WON6I=">AAAC4XicjVHLSsNAFD2N73fVpS6CRXBVEhEU3IhuXCrYWmhKScZpHcz LyUSoxY07d+LWH3CrPyP+gf6Fd8YIahGdkOTMufecmXtvkIYiU47zUrKGhkdGx8YnJqemZ2 bnyvML9SzJJeM1loSJbAR+xkMR85oSKuSNVHI/CkJ+HJzt6fjxBZeZSOIj1Ut5K/K7segI5 iui2uXlvicju5PIK2/b9i658r0uPzegzdrlilN1zLIHgVuACop1kJSf4eEECRhyROCIoQi H8JHR04QLBylxLfSJk4SEiXNcYZK0OWVxyvCJPaNvl3bNgo1prz0zo2Z0SkivJKWNVdIklC cJ69NsE8+Ns2Z/8+4bT323Hv2DwisiVuGU2L90n5n/1elaFDrYMjUIqik1jK6OFS656Yq+u f2lKkUOKXEan1BcEmZG+dln22gyU7vurW/iryZTs3rPitwcb/qWNGD35zgHQX296jpV93Cj srNbjHocS1jBGs1zEzvYxwFq5H2NBzziyWLWjXVr3X2kWqVCs4hvy7p/BxYhmxA=</latex it><latexit sha1_base64="bMivyyPXK5Q7Zh 0MCAbcT0WON6I=">AAAC4XicjVHLSsNAFD2N73fVpS6CRXBVEhEU3IhuXCrYWmhKScZpHcz LyUSoxY07d+LWH3CrPyP+gf6Fd8YIahGdkOTMufecmXtvkIYiU47zUrKGhkdGx8YnJqemZ2 bnyvML9SzJJeM1loSJbAR+xkMR85oSKuSNVHI/CkJ+HJzt6fjxBZeZSOIj1Ut5K/K7segI5 iui2uXlvicju5PIK2/b9i658r0uPzegzdrlilN1zLIHgVuACop1kJSf4eEECRhyROCIoQi H8JHR04QLBylxLfSJk4SEiXNcYZK0OWVxyvCJPaNvl3bNgo1prz0zo2Z0SkivJKWNVdIklC cJ69NsE8+Ns2Z/8+4bT323Hv2DwisiVuGU2L90n5n/1elaFDrYMjUIqik1jK6OFS656Yq+u f2lKkUOKXEan1BcEmZG+dln22gyU7vurW/iryZTs3rPitwcb/qWNGD35zgHQX296jpV93Cj srNbjHocS1jBGs1zEzvYxwFq5H2NBzziyWLWjXVr3X2kWqVCs4hvy7p/BxYhmxA=</latex it>
⇢ˆ0 /
X
j
<latexit sha1_base64="2Is9QOkf NARNYn8HjG9iLBzaMas=">AAAC33icjVHLSsNAFD2Nr1pfVXe6CRbBVUlE0G XRjUsFq0IjZZKONjbJhMlEKKXgzp249Qfc6t+If6B/4Z0xBR+ITkhy5tx7z sy910+jMFOO81KyxsYnJqfK05WZ2bn5heri0nEmchnwZiAiIU99lvEoTHhT hSrip6nkLPYjfuL39nT85IrLLBTJkeqn/CxmF0l4HgZMEdWurnhdpgae7Iph 27G9VIpUCS/L4/Zlu1pz6o5Z9k/gFqCGYh2I6jM8dCAQIEcMjgSKcASGjJ4 WXDhIiTvDgDhJKDRxjiEqpM0pi1MGI7ZH3wvatQo2ob32zIw6oFMieiUpbay TRlCeJKxPs008N86a/c17YDz13fr09wuvmFiFLrF/6UaZ/9XpWhTOsWNqCK mm1DC6uqBwyU1X9M3tT1UpckiJ07hDcUk4MMpRn22jyUzturfMxF9Npmb1P ihyc7zpW9KA3e/j/AmON+uuU3cPt2qN3WLUZaxiDRs0z200sI8DNMn7Gg94x JPFrBvr1rr7SLVKhWYZX5Z1/w63j5qP</latexit><latexit sha1_base64="2Is9QOkf NARNYn8HjG9iLBzaMas=">AAAC33icjVHLSsNAFD2Nr1pfVXe6CRbBVUlE0G XRjUsFq0IjZZKONjbJhMlEKKXgzp249Qfc6t+If6B/4Z0xBR+ITkhy5tx7z sy910+jMFOO81KyxsYnJqfK05WZ2bn5heri0nEmchnwZiAiIU99lvEoTHhT hSrip6nkLPYjfuL39nT85IrLLBTJkeqn/CxmF0l4HgZMEdWurnhdpgae7Iph 27G9VIpUCS/L4/Zlu1pz6o5Z9k/gFqCGYh2I6jM8dCAQIEcMjgSKcASGjJ4 WXDhIiTvDgDhJKDRxjiEqpM0pi1MGI7ZH3wvatQo2ob32zIw6oFMieiUpbay TRlCeJKxPs008N86a/c17YDz13fr09wuvmFiFLrF/6UaZ/9XpWhTOsWNqCK mm1DC6uqBwyU1X9M3tT1UpckiJ07hDcUk4MMpRn22jyUzturfMxF9Npmb1P ihyc7zpW9KA3e/j/AmON+uuU3cPt2qN3WLUZaxiDRs0z200sI8DNMn7Gg94x JPFrBvr1rr7SLVKhWYZX5Z1/w63j5qP</latexit><latexit sha1_base64="2Is9QOkf NARNYn8HjG9iLBzaMas=">AAAC33icjVHLSsNAFD2Nr1pfVXe6CRbBVUlE0G XRjUsFq0IjZZKONjbJhMlEKKXgzp249Qfc6t+If6B/4Z0xBR+ITkhy5tx7z sy910+jMFOO81KyxsYnJqfK05WZ2bn5heri0nEmchnwZiAiIU99lvEoTHhT hSrip6nkLPYjfuL39nT85IrLLBTJkeqn/CxmF0l4HgZMEdWurnhdpgae7Iph 27G9VIpUCS/L4/Zlu1pz6o5Z9k/gFqCGYh2I6jM8dCAQIEcMjgSKcASGjJ4 WXDhIiTvDgDhJKDRxjiEqpM0pi1MGI7ZH3wvatQo2ob32zIw6oFMieiUpbay TRlCeJKxPs008N86a/c17YDz13fr09wuvmFiFLrF/6UaZ/9XpWhTOsWNqCK mm1DC6uqBwyU1X9M3tT1UpckiJ07hDcUk4MMpRn22jyUzturfMxF9Npmb1P ihyc7zpW9KA3e/j/AmON+uuU3cPt2qN3WLUZaxiDRs0z200sI8DNMn7Gg94x JPFrBvr1rr7SLVKhWYZX5Z1/w63j5qP</latexit><latexit sha1_base64="2Is9QOkf NARNYn8HjG9iLBzaMas=">AAAC33icjVHLSsNAFD2Nr1pfVXe6CRbBVUlE0G XRjUsFq0IjZZKONjbJhMlEKKXgzp249Qfc6t+If6B/4Z0xBR+ITkhy5tx7z sy910+jMFOO81KyxsYnJqfK05WZ2bn5heri0nEmchnwZiAiIU99lvEoTHhT hSrip6nkLPYjfuL39nT85IrLLBTJkeqn/CxmF0l4HgZMEdWurnhdpgae7Iph 27G9VIpUCS/L4/Zlu1pz6o5Z9k/gFqCGYh2I6jM8dCAQIEcMjgSKcASGjJ4 WXDhIiTvDgDhJKDRxjiEqpM0pi1MGI7ZH3wvatQo2ob32zIw6oFMieiUpbay TRlCeJKxPs008N86a/c17YDz13fr09wuvmFiFLrF/6UaZ/9XpWhTOsWNqCK mm1DC6uqBwyU1X9M3tT1UpckiJ07hDcUk4MMpRn22jyUzturfMxF9Npmb1P ihyc7zpW9KA3e/j/AmON+uuU3cPt2qN3WLUZaxiDRs0z200sI8DNMn7Gg94x JPFrBvr1rr7SLVKhWYZX5Z1/w63j5qP</latexit>
Figure 2. Sketch depicting the paradigm of a second-order
dissipative phase transition (cf. Sec. IV), associated with the
breaking of a Zn symmetry (in the sketch n = 5). In the
thermodynamic limit, the Liouvillian gap λ closes over the
whole region ζ ≥ ζc, ζ being the critical parameter triggering
the transition. Moreover, one has that λ0,⋯, λn−1 = 0 for
ζ ≥ ζc. When λ ≠ 0 (here for ζ < ζc), the steady-state density
matrix ρˆss is mono-modal. In the symmetry-broken phase
(λ = 0 and ζ ≥ ζc), ρˆss is an n-modal statistical mixture of
density matrices ˆ̃ρj , which are mapped one onto the other
under the action of the symmetry superoperator Zn.
the steady state is the equiprobable mixture of the two
phases, which are encoded in the spectral decomposition
of ρˆ1(ζc,N). Remarkably, in a small region on the left
(right) of the critical point, ρˆ+1 (ρˆ−1) is metastable. This
means that if the system is initialized in one of these two
states it will remain stuck, for a time proportional to 1/λ,
before reaching the steady-state [62]. This can give rise to
hysterical behavior, typical of first-order phase transitions
[51].
Conversely, if λ1 = 0 in a point, one has to have a
first-order phase transition. A proof can be found in
App. A 3.
IV. SECOND ORDER PHASE TRANSITIONS
WITH SYMMETRY BREAKING
In this section, we will consider second-order dissipative
phase transitions associated with a symmetry breaking.
A symmetry of an open quantum system is described
by a unitary superoperator U = Vˆ ● Vˆ −1 (where Vˆ is a
unitary operator and the ● in the previous definition means
that, upon the action of the superoperator U on a generic
operator, the latter has to be inserted in between Vˆ and
Vˆ −1) [67], such that
U−1LU = L, (22)
or, equivalently, [L,U] = 0. It follows that the matrix
representations ¯¯U of U and ¯¯L of L can be simultaneously
diagonalized. From now on, we will call the symmetry
sector Lu the subspace of the Liouville space L spanned by
the eigenmatrices of U with eigenvalue u. The existence
of a symmetry means that the Lindblad master equation
cannot mix different symmetry sectors. Therefore ¯¯L can
be cast in a block-diagonal form:
¯¯L =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
¯¯Lu0 0 . . . 0
0 ¯¯Lu1 . . . 0⋮ ⋮ ⋱ ⋮
0 0 . . . ¯¯Lun
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (23)
Consider an arbitrary density matrix ρˆ which is an
eigenmatrix of U : U ρˆ = uρˆ. Taking the trace of both
sides of the previous identity, and given the form of U ,
one finds u = 1. If ρˆss is the only eigenmatrix with zero
eigenvalue of L (unique steady state), it must also be an
eigenmatrix of U . From a physical perspective, this tells
us that the symmetry sector to which ρˆss (and therefore
ρˆ0) belongs is always Lu=1.
A symmetry-breaking dissipative phase transition is
associated with the emergence of multiple eigenmatrices
of L with λi = 0, each of them belonging to a different
symmetry sector Lui . The structure imposed by Eq. (23)
is preserved and the previous considerations still hold.
Therefore, ρˆ0 (belonging to the symmetry sector Lu=1) is
still the only eigenmatrix of L with nonzero trace.
The block-diagonal structure of the Liouvillian (see
Eq. (23)), together with the previous observations, can
play a fundamental role in reducing the complexity of the
problem. Indeed, by properly exploiting spatial and/or
internal symmetries, one can explicitly construct the re-
duced subspace in which the steady-state density matrix
belongs. This can give a substantial speed-up for al-
gorithms based on Monte Carlo strategies [68], cluster
expansions [69, 70], corner methods [71], and the tensor-
network ansatz [72–74].
1. Z2 symmetry
Let us consider first a system which has a discrete Z2
symmetry represented by the superoperator Z2 = Zˆ2 ● Zˆ†2 .
Later, we will deal with the general case of a Zn symmetry.
The symmetry superoperator Z2 admits two eigenvalues,
namely ±1. For ζ < ζc (ζ being the critical parameter)
there exists a unique steady state associated with the
eigenvalue λ0 = 0, and Z2ρˆss = ρˆss. For ζ ≥ ζc, a phase
transition with a symmetry breaking takes place. Conse-
quently, λ0 = λ1 = 0 while ρˆ0 and ρˆ1 belong to two different
6symmetry sectors (cf. Fig. 2). From these properties, it
follows that ρˆ0 and ρˆ1 are orthogonal, since
⟨ρˆ0∣ρˆ1⟩ = ⟨Z2ρˆ0∣ρˆ1⟩ = ⟨ρˆ0∣Z2ρˆ1⟩ = − ⟨ρˆ0∣ρˆ1⟩ , (24)
where we exploited the Hermiticity of Z2. Similarly,⟨ρˆ†0∣ρˆ1⟩ = 0. Since λ1 = 0 is real and ρˆ†1 ≠ ρˆ0, the eigen-
matrix ρˆ1 is Hermitian (lemmas of Sec. II A). Hence, the
density matrices
ρˆ± = ρˆ0 ± ρˆ1
Tr[ρˆ0] (25)
are steady states of the master equation breaking the
symmetry, as Z2ρˆ± = ρˆ∓. From Eq. (24) it follows that ρˆ+
and ρˆ− are orthogonal as well. So that we have:
ρˆ0 ∝ ρˆ+ + ρˆ−, (26a)
ρˆ1 ∝ ρˆ+ − ρˆ−. (26b)
Thus, we can conclude that the two symmetry-broken
states ρˆ± are the two matrices stemming from the spectral
decomposition of ρˆ1, i.e., ρˆ±1 [c.f. Eq (12)]. For a finite-size
system, where the steady state is unique,
ρˆss(ζ ≥ ζc,N) ≃ ρˆ+1(ζc,N) + ρˆ−1(ζc,N)2 . (27)
Since we are considering a second-order phase tran-
sition, we must ensure that the unique steady state in
ζ−c coincides with both the symmetry-breaking steady
states in ζ+c : ρˆss(ζ−c ) = ρˆ+(ζ+c ) = ρˆ−(ζ+c ). Consequently,
according to this discussion, ρˆ1(ζc) = 0. Therefore, a
second-order phase transition is characterized by the coa-
lescence of two eigenvectors of the Liouvillian, which may
give rise to a Jordan form of the Liouvillian (see App. B).
In order to unveil the symmetry breaking in a finite-size
system (where the symmetry is always preserved) one can
resort to different strategies. To identify the critical point,
one can use an external weak probe which breaks the
symmetry (see for example Refs. [43, 69]) and look for di-
vergences in the associated susceptibility. To characterize
the existence of the two (or more) metastable states which
individually break the symmetry, one can also resort to
a quantum trajectory protocol [7]. Indeed, the dynamics
of a single trajectory can explicitly break the symmetry,
even if once the average over many trajectories is taken,
such a symmetry is restored [49, 56].
2. Zn symmetry
Consider now a generic symmetry superoperatorZn = Zˆn ● Zˆ†n. In this case, the Liouvillian can be par-
titioned into n blocks, each characterised by an eigen-
value zj = exp[2 ipij/n], with j = 0,1 . . . n − 1 (i.e. the
eigenvalues must satisfy the equation znj = 1). In the
symmetry-broken phase, in each of those blocks there ex-
ists an eigenmatrix ρˆj such that Lρˆj = 0 and Znρˆj = zj ρˆj .
Lemma 3 of Sec. IIA imposes Lρˆ†j = 0. Moreover, ρˆ†j is
also an eigenmatrix of Zn of eigenvalue z∗j , since
Znρˆ†j = (Zˆnρˆ†jZˆ†n) = (ZˆnρˆjZˆ†n)† = z∗j ρˆ†j . (28)
Note that, by definition z∗j = zn−j , and hence ρˆ†j = ρˆn−j .
As a particular case, if zj = z∗j then ρˆj = ρˆ†j .
To construct a basis of the degenerate subspace made
of density matrices, consider the operator
ˆ˜ρ0 = n−1∑
j=0
ρˆj
Tr[ρˆ0] = n−1∑j=0 ρˆj + ρˆn−j2 Tr[ρˆ0] = n−1∑j=0 ρˆj + ρˆ
†
j
2 Tr[ρˆ0] . (29)
With this choice, ˆ˜ρ0 is a density matrix, since it is Her-
mitian and it has trace 1 (Tr[ρˆj] = Tr[ρˆ0] δj,0). For
ˆ˜ρ1 = Zn ˆ˜ρ0, one has
ˆ˜ρ1 = n−1∑
j=0
zj ρˆj + z∗j ρˆ†j
2 Tr[ρˆ0] , (30)
which is still Hermitian and of unitary trace, and therefore
a density matrix. By iterative application of the symmetry
operator Zn, and since ˆ˜ρi ≠ ˆ˜ρj for i ≠ j, one obtains a
basis { ˆ˜ρi} of density matrices, with i = 0,⋯, n − 1. In
compact notation, one has
ˆ˜ρl = Z ln n−1∑
j=0
ρˆj
Tr[ρˆ0] = n−1∑j=0 z
l
j(i)ρˆj
Tr[ρˆ0] . (31)
Equation (31) can be inverted to obtain ρˆk as a function
of ˆ˜ρl:
n−1∑
l=0 (z∗k)l ˆ˜ρl =
n−1∑
l=0
n−1∑
j=0
(z∗kzj)l ρˆj
Tr[ρˆ0] = n−1∑l=0
n−1∑
j=0
zlj−kρˆj
Tr[ρˆ0]
= n
Tr[ρˆ0] n−1∑j=0 δj,kρˆj = nTr[ρˆ0] ρˆk,
(32)
where we used the identity
n−1∑
l=0 z
l
j−k =∑
l=0 (e 2ipi(j−k)n )l = nδk,j . (33)
We conclude that
ρˆk ∝ n−1∑
l=0
(z∗k)l ˆ˜ρl
n
. (34)
Summarizing, we have constructed a basis of { ˆ˜ρi} of
the kernel of the Liouvillian made of density matrices
such that Zn ˆ˜ρi = ˆ˜ρmod(i+1,n), as depicted in Fig. 2. This
construction ensures that Znρˆ0 = ρˆ0. Again, for large
enough but finite N , where the steady state is unique also
for ζ ≥ ζc, we get the asymptotic expression
ρˆss(ζ ≥ ζc,N) ≃ n−1∑
l=0
ˆ˜ρl(ζ ≥ ζc,N)
n
. (35)
7Figure 3. Numerical results for the driven-dissipative Kerr
model. Top panel: Rescaled number of photons ⟨aˆ†aˆ⟩ /N as
a function of the rescaled driving F˜ /γ for different values of
N . Middle panel: -Re[λ1/γ] (Liouvillian gap) for different
values of N . In the selected range of parameters we find that
Im [λ1] is zero within the numerical error. Bottom panel:
The error 1 − f , where f is the fidelity between the steady-
state density matrix ρˆss and the one reconstructed via the
eigendecomposition of the first eigenstate ξˆ = (ρˆ+1 + ρˆ−1)/2.
Parameters: ∆/γ = 10, U˜/γ = 10.
V. APPLICATIONS TO SPECIFIC MODELS
In the following, we will explore some specific models
exhibiting dissipative phase transitions in a thermody-
namic limit. We will show that, in the finite-size case, our
theory predicts with high fidelity the form of ρˆss in the
vicinity of the critical point. In particular, we will analyze
some systems for which a brute force diagonalization of
the Liouvillian supermatrix ¯¯L is possible.
Figure 4. Top panel: Average number of photons according to
ρˆss and ρˆ± as a function of the rescaled driving F˜ /γ for N = 10
(see definitions in the main text). The dotted line indicates
the Gross-Pitaevskji prediction. Bottom panel: Fidelity f
between the steady-state density matrix ρˆss and a density
matrix χˆ = ρˆ+, ρˆ−, ξˆ [for ξˆ = (ρˆ− + ρˆ+)/2] as a function of
the rescaled driving F˜ /γ. The transition can be seen as a
switching from a region where ρˆ− describes the system to one
where the physics is dominated by ρˆ+. Even if the region
of phase coexistence in ρˆss is very narrow, ρˆ1 describes the
physics in a larger region. Parameters are set as in Fig. 3.
A. The driven-dissipative Kerr resonator
The first example which we discuss is the general model
of a single driven-dissipative Kerr nonlinear resonator, for
which an exact solution of ρˆss exists [54]. In a reference
frame rotating at the coherent pump frequency ωp, the
Hamiltonian of this system is
Hˆ = −∆aˆ†aˆ + U
2
aˆ†aˆ†aˆaˆ + F (aˆ† + aˆ), (36)
where ∆ = ωp − ωc is the pump-cavity detuning, F is the
driving amplitude and U quantifies the Kerr nonlinearity.
The operators aˆ† and aˆ are the bosonic creation and
annihilation operators, respectively. The corresponding
Lindblad master equation reads
∂tρˆ(t) = −i [Hˆ, ρˆ(t)] + γ2D[aˆ]ρˆ(t), (37)
where γ is the dissipation rate of the cavity mode. The
properties of this model, and the emergence of a first-
order phase transition, have been extensively discussed in
Refs. [28, 29, 31]. A well-defined thermodynamic limit is
obtained for ∣F ∣→ +∞ while keeping U ∣F ∣2 constant [31].
8This is equivalent to expressing nonlinearity and driving
amplitude in the following form:
U = U˜/N, F = F˜√N, (38)
and letting N → +∞. In Fig. 3 we study numerically
the emergence of the first-order phase transition by in-
creasing N . The top panel shows the mean value of⟨aˆ†aˆ⟩ /N = Tr[ρˆssaˆ†aˆ] /N as a function of F˜ /γ. The mid-
dle panel shows the rescaled Liouvillian gap −Re [λ1/γ]
as a function of the rescaled driving amplitude. Such
Liouvillian gap tends to zero in the thermodynamic limit
N → +∞, while Im [λ1] = 0 around the critical point also
for finite N . The bottom panel of Fig. 3 presents a study
of the fidelity between the steady state ρˆss and the matrix
ξˆ = (ρˆ+1 + ρˆ−1)/2, obtained by the spectral decomposition
of ρˆ1 [Eq. (12)]. We recall that the fidelity is defined as
f(ρˆ, ξˆ) = Tr[√√ρˆ ξˆ√ρˆ]. A fidelity equal to 1 indicates
that the two states are identical. As the thermodynamical
parameter N increases, we notice two important effects:
(i) in the region in which the Liouvillian gap is minimal
the fidelity is maximal; (ii) the region in which ρˆss and
ξˆ are close becomes narrower and narrower. This is con-
sistent with our general results which are exact in the
thermodynamic limit.
It is interesting now to connect our findings with the re-
sults predicted by mean-field theories. A Gross-Pitaevskii-
like mean-field approximation for the driven-dissipative
Kerr model is known to exhibit bistability, while the full
quantum solution is always unique [54]. In the same way,
a Gutzwiller-mean-field theory predicts multiple solutions
[33, 75]. In Fig. 4, we investigate the properties of the
exact steady state ρˆss and of the density matrices ρˆ+1
and ρˆ−1 for a system with N = 10 as a function of the
rescaled driving amplitude F˜ /γ. In the top panel, we
plot the mean photon density ⟨aˆ†aˆ⟩ /N = Tr[aˆ†aˆ χˆ] /N ,
for χˆ = ρˆss, ρˆ+1 , ρˆ−1 as indicated in the legend. To further
characterize the nature of ρˆ±1 in the phase transition, in
the bottom panel we plot the fidelity between ρˆss and
χˆ = ξˆ, ρˆ+1 , ρˆ−1 (where ξˆ = (ρˆ+1 + ρˆ−1)/2). For F˜ < F˜c, ρˆss is
almost exactly ρˆ−1 . Around the critical point F ≃ Fc, ρˆss
becomes an equal mixture of ρˆ+1 and ρˆ−1 . The maximal
mixed character occurs for F˜ = F˜c. Finally, for F˜ > F˜c,
the density matrix becomes very close to ρˆ+1 . This analysis
allows us to interpret the two stable solutions predicted
by the mean-field approach in terms of the metastable
states which compose ρˆ1.
B. The driven-dissipative resonator with
two-photon pumping
As an example of second-order dissipative phase transi-
tion with symmetry breaking, we will consider the driven-
dissipative Kerr model with two-photon pumping and
losses. In a reference frame rotating at the parametric
pump frequency, the Hamiltonian of this system is [29, 56]
Hˆ = −∆aˆ†aˆ + U
2
aˆ†aˆ†aˆaˆ + G
2
(aˆ†aˆ† + aˆaˆ), (39)
where G is the two-photon driving amplitude. This time,
in addition to the Hamiltonian and to the one-photon
dissipation superoperator D [aˆ], we will consider also a
two-photon dissipation channel with rate η. The corre-
sponding Lindblad master equation reads:
∂tρ(t) = −i [Hˆ, ρˆ(t)] + γ2D[aˆ]ρˆ(t) + η2D[aˆ2]ρˆ(t). (40)
The analytical solution of the steady state of this model
has been provided in Ref. [55], and the emergence of first-
and second- order phase transitions (according to the value
of ∆) has been discussed in Ref. [29]. The emergence of
a similar symmetry breaking has been also observed in
an equivalent classical system [76]. The thermodynamic
limit of this model is obtained by expressing U and η as
U = U˜/N, η = η˜/N, (41)
and considering the limit N → +∞. In this way the
ratio U/η is kept constant. This model has a discrete
Z2 symmetry, resulting from the invariance under the
transformation aˆ→ −aˆ. The corresponding superoperatorZ2 is:
Z2 = eipiaˆ†aˆ ● e−ipiaˆ†aˆ, (42)
with Z2ρˆss = ρˆss.
In Fig. 5 we show the emergence of a second-order phase
transition by increasing the value of N . The top panel
shows ⟨aˆ†aˆ⟩ /N = Tr[ρˆssaˆ†aˆ] /N as a function of G/γ. In
the middle panel we show the rescaled Liouvillian gap−Re [λ1/γ] as a function of the rescaled pump amplitude.
The abrupt change in the behavior of λ indicates the onset
of the phase transition. In the whole region of broken
symmetry, the gap is much smaller than γ and λ1 is real,
while ρˆ1 is a traceless Hermitian matrix which belongs
to the odd symmetry sector of Z2 (Z2ρˆ1 = −ρˆ1). The
states ρˆ+1 and ρˆ−1 obtained via the spectral decomposition
of ρˆ1 are such that Z2ρˆ+1 = ρˆ−1 . As it has been shown
in Sec. IV, in the symmetry-broken region, ρˆss can be
constructed as a symmetric mixture of ρˆ+1 and ρˆ−1 . As
shown in the bottom panel of Fig. 5, this gives an excellent
approximation for the finite-sized systems considered here.
Remarkably, this expression for ρˆss remains very accurate
even quite far from the thermodynamic limit.
In order to characterize the abrupt change in the be-
havior of λ1, which becomes discontinuous for N → +∞,
we plot part of the full spectrum of ¯¯L for N = 20 across
the critical point. In the top panel of Fig. 6, we show
the real part of the spectrum, while the bottom one re-
ports the imaginary part. Starting from the imaginary
part, we clearly see that there is a point in which two
complex-conjugate eigenvalues (highlighted by the red
line) become real. We call GB(N) the point at which
9Figure 5. Numerical results for the driven-dissipative two-
photon Kerr model. Top panel: Rescaled number of photons⟨aˆ†aˆ⟩ /N as a function of the rescaled driving G/γ for different
values of N . Middle panel: -Re[λ1/γ] (Liouvillian gap) for
different values of N . Bottom panel: The error 1 − f , where f
is the fidelity between the steady state density matrix ρˆss and
ξˆ = (ρˆ+1 + ρˆ−1)/2. The curves are shown in the region where λ1
is purely real. Parameters: ∆/γ = −10, U˜/γ = 10, η˜/γ = 1.0.
this bifurcation happens. Looking at the top panel, this
merging is associated with a change in the behavior of
the real part of those eigenvalues, which split and bifur-
cate. The one approaching zero is responsible for the
phase transition and its associated eigenvector becomes
ρˆ1 = ρˆ+1 − ρˆ−1 for G > GB(N). As we saw in Fig 5, it is not
clear where the gap starts to close, but one might guess
that it happens when the two eigenvalues bifurcate. To
test this conjecture, in the inset we plot, as a function of
N , the scaling of the bifurcation point ∆G = GB(N)−Gc,
where Gc is the critical point extrapolated via the study
of the analytic solution for N = 1000. Indeed, the clear
power-law decay of this quantity demonstrates that the
onset of this transition can be understood in terms of a
merging of two eigenvalues. The emergence of criticality
is thus to be associated with a touching of two eigenval-
Figure 6. Liouvillian spectrum in the two-photon Kerr model
for N = 20. Top and bottom panels: Real and imaginary part
of the eigenvalues of ¯¯L. The dots represent the 10 smallest-
modulus eigenvalues obtained by numerical diagonalization.
The red lines are a guide for the eye indicating the two eigen-
values which merge into λ1 for G≫ γ. Inset: A log-log plot of
∆G = (GB(N) −Gc) (defined in the text) as a function of the
parameter N , showing the power-law behavior ∆G = AN−η
with A = 21.1±0.2 and η = 0.881±0.006. In the thermodynamic
limit, the bifurcation point GB(N) and the critical point Gc
coincide. Same parameters as in Fig. 5.
ues in the complex plane. This fact, together with the
emergence of a discontinuity in λ1 for N → ∞, implies
that, at the bifurcation point, the Liouvillian becomes
non diagonalizable, resulting in a Jordan structure. This
leads to a non-exponential relaxation dynamics at criti-
cality. To better understand this behavior, in App. B we
study an exactly-solvable two-level system which admits a
Jordan-block structure for a specific choice of parameters.
Up to now, we considered the case in which an eigen-
value of the symmetry sector L−1 approaches zero, which
gives rise to a symmetry breaking without inducing first-
order discontinuities in ρˆss. The two-photons Kerr model
is known to present also a first-order phase transition
with symmetry breaking for ∆ > 0 [29]. Indeed, together
with the emerging of a zero in L−1, the symmetry sector
L1 acquires two zero eigenvalues of L: one associated
with ρˆss, the other with an eigenmatrix whose eigenvalue
touches zero only at the critical point. This allows a dis-
continuous behavior of ρˆss with symmetry breaking. In
Fig. 7 we plot the behavior of the system in such regime.
The top panel shows the emergence of a first-order phase
transition in the rescaled density. In the middle panel,
we plot the real part of the two eigenvalues of the Li-
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Figure 7. Study of the first-order phase transition with sym-
metry breaking in the two-photon Kerr resonator. Top panel:
Rescaled number of photons ⟨aˆ†aˆ⟩ /N as a function of the
rescaled driving G/γ for different values of N . Middle panel:
Real part of λ1,2 rescaled by γ for N = 10. The two branches of
Liouvillian eigenvalues lead to the first order phase transition
(red) and a symmetry breaking (blue). Bottom panel: Aver-
age number of photons according to ρˆss and ρˆ±2 . Parameters:
∆/γ = 10, U/γ = 10, η/γ = 1.0.
ouvillian with the smallest modulus. One presents the
phenomenology we expect from a symmetry breaking:−Re [λ1] ≪ γ in the symmetry-broken phase G ≥ Gc(N).
The other is responsible for the discontinuous first-order
behavior: −Re [λ2] ≪ γ only for G ≃ Gc(N). Indeed, we
tested that ρˆ1 (associated with λ1) satisfies Z2ρˆ1 = −ρˆ1.
Moreover, Z2ρˆ±1 = ρˆ∓1 and ρˆss ≃ (ρˆ+1 + ρˆ−1)/2. As for ρˆ2,Z2ρˆr = ρˆr and it cannot be associated with a symmetry
breaking. In the bottom panel we test the structure of
ρˆss in connection to the spectral decomposition of ρˆ2: the
first-order phase transition can be interpreted as a switch
between ρˆ−2 and ρˆ+2 . The symmetry breaking emerges in
the fact that ρˆ+2 ≃ (ρˆ+1 + ρˆ−1) /2. In conclusion, in these
specific numerical examples we recover all the features
predicted by our general theory.
VI. CONCLUSIONS
In this article, we have presented theoretical results
for first- and second-order dissipative phase transitions.
Within a general formalism, we have determined the struc-
ture of the density matrix in the vicinity of a critical point.
In particular, due to the closure of the Liouvillan gap at
the critical point, we have shown how the the steady-state
density matrix is directly related to the eigenmatrix of the
Liouvillian superoperator corresponding to the eigenvalue
λ1 (the one with the smallest absolute value of the real
part). We have illustrated our general results by con-
sidering two specific quantum optical models, where the
emergence of a dissipative phase transition can be studied
analytically and numerically. Our work provides a general
insight into dissipative phase transitions. Moreover, it
gives precise constraints for variational methods [25, 77]
to describe critical phenomena in open quantum systems,
whose corresponding ansatz matrices must satisfy the
relations derived in this work.
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Appendix A: Proofs
1. Remarks on the Liouvillian diagonalisability
Generally, the Liouvillian is a non-Hermitian super-
operator with a holomorphic dependence on the system
parameter(s) ζ. Therefore, there might exist values of
ζ for which L(ζ) is not diagonalizable: this implies the
existence of a degenerate eigensubspace.
The eigenvalues λi(ζ) of L(ζ) can be obtained
via the resolution of the characteristic equation
det ( ¯¯L(ζ) − λi(ζ)I) = 0. A well-known result of function
theory [64] guarantees that the roots of this equation are
branches of analytic functions of ζ with, at most, alge-
braic singularities. Therefore, the number s of distinct
eigenvalues of L(ζ) is a constant except in a countable
number of points. This ensures that if the Liouvillian
has a simple spectrum on a finite region of the parame-
ter space, it will be diagonalizable for any ζ, except the
countable exceptional points. For all the systems consid-
ered in this work, this condition is fulfilled far from the
thermodynamic limit.
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2. Proofs of the Lemmas in IIA
Lemma 3: If Lρˆi = λiρˆi then Lρˆ†i = λ∗i ρˆ†i . This implies
that, if ρˆi is Hermitian then λi has to be real. Conversely,
if λi is real and of degeneracy 1, ρˆi is Hermitian. If λi
has geometric multiplicity n and L is diagonalizable, it is
always possible to construct n Hermitian eigenmatrices
of L with eigenvalue λi.
Proof: Thanks to the master equation we have:
Lρˆ†i = −i [Hˆ, ρˆ†i ] + γ2 (2aˆρˆ†i aˆ† − aˆ†aˆρˆ†i − ρˆ†i aˆ†aˆ)= (−i [Hˆ, ρˆi] + γ2 (2aˆρˆiaˆ† − aˆ†aˆρˆi − ρˆiaˆ†aˆ))†= (Lρˆi)† = λ∗i ρˆ†i .
(A1)
If ρˆi is Hermitian, we have λiρˆi = Lρˆi = Lρˆ†i = λ∗i ρˆ†i =
λ∗i ρˆi. Thus, we can conclude λi = λ∗i . Conversely, in
the case in which λi ∈ R is a simple eigenvalue (i.e. with
degeneracy 1), we can conclude that ρˆi = ρˆ†i , and thus ρˆi is
Hermitian. If the eigenvalues have geometric multiplicity
n, it may happen that for some eigenmatrices ρˆ†i ≠ ρˆi.
From Eq. (A1) it follows Lρˆ†i = λiρˆ†i . In this case, we can
consider the matrices (ρˆi + ρˆ†i) /2 and i (ρˆi − ρˆ†i) /2, which
are Hermitian by construction, and whose eigenvalue is
λi.
Lemma 4: If λi = 0 has degeneracy n, then there
exist n independent eigenvectors of the Liouvillian (the
algebraic multiplicity is identical to the geometrical one).
Therefore, there exist n different steady states towards
which the system can evolve, depending on the initial
condition.
Proof: We will prove this lemma by contradiction. Let
us suppose that the algebraic multiplicity is greater than
the geometrical one (see [63]). Since the dimension of
the reduced space is n, we can write the Liouvillian as a
matrix acting on a basis of vector in this reduced space,
i.e. the invariant space of λ0 has a finite dimension. Since
we can write the Liouvillian as a matrix, this means that
we can put in its canonical Jordan form. In other words
the Liouvillian acting on the vectors of this subspace can
be decomposed in a diagonal part ¯¯Λ0 and a nilpotent
matrix ¯¯N via a similarity transformation S:
¯¯Lλ0 = S−1 ( ¯¯Λ0 + ¯¯N)S = S−1
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
λ0 1 0 ⋯ 0 0
0 λ0 1 ⋯ 0 0⋮ ⋱ ⋱ ⋱ ⋮ ⋮
0 0 0 ⋯ λ0 1
1 0 0 ⋯ 0 λ0
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
S.
(A2)
Of course, the new basis of vectors obtained by the nonuni-
tary transformation S may not be orthonormal. The time
evolution of the system is given by eL¯t, and since ¯¯Λ0 and
¯¯N commute, one has
eL¯λ0 t = S−1eΛ¯0teN¯tS
= S−1eλ0t(1 + ¯¯Nt + ( ¯¯Nt)2
2
+ . . . ( ¯¯Nt)n
n!
)S
= S−1eλ0t
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 t t
2
2 ⋯ tn−1(n−1)! tnn!
0 1 t ⋯ tn−2(n−2)! tn−1(n−1)!⋮ ⋱ ⋱ ⋱ ⋱ ⋱
0 0 0 ⋯ 1 t
1 0 0 ⋯ 0 1
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
S.
(A3)
Since λ0 = 0, the previous expression clearly will cause
the dynamics to diverge, proving the absurd. We stress
that this reasoning cannot be directly extended to λi ≠ 0
nor to infinite degeneracies n→∞.
3. Vanishing of λ1 associated to a first-order phase
transition
In Sec. III we proved that if there is a jump in one
observable at the critical point ζ = ζc, than λ1 = 0. Here,
we prove that the last condition is also sufficient; i.e.,
lim
ζ→ζc λ1(ζ) = 0 implies a first-order phase transition.
We will prove this statement by contradiction. Let us
suppose that even if λ1 = 0 there is no phase transition.
From the definition (16), we deduce that for any operator
oˆ in H ⊗H, ⟨oˆ(ζ)⟩ is continuous in ζc. Hence, we have
that also ρˆ0(ζ) is continuous. From Lemmas 3 and 4
of Sec. II A, the eigenstate ρˆ1(ζc), being associated with
λ1(ζc) = 0, exists and is Hermitian. By exploiting its
spectral decomposition, we can write ρˆ1(ζc) = (ρˆ+1(ζc) −
ρˆ−1(ζc))/√2 (we stress that here we have ∥ρˆ±1(ζc)∥ = 1,
and ⟨ρˆ+1(ζc), ρˆ−1(ζc)⟩ = 0 by construction).
The first part of the proof is to show that, ρˆ0(ζc) =(ρˆ+1(ζc)+ρˆ−1(ζc))/√2. Indeed, ∥ρˆ1(ζc)∥ = 1 and eLtρˆ1 = ρˆ1.
Thus, exploiting the triangular inequality, we have:
1 = ∥ρˆ1(ζc)∥2 = ∥eLtρˆ1(ζc)∥2 = ∥eLt ρˆ+1(ζc) − ρˆ−1(ζc)√2 ∥
2
≤ ∥eLtρˆ+1(ζc)∥2 + ∥eLtρˆ−1(ζc)∥2
2
≤ 1.
(A4)
It follows that ∥eLtρˆ±1(ζc)∥ = 1 for every time t. Hence,
ρˆ±1(ζc) must be a linear superposition of eigematri-
ces of the Liouvillian with zero eigenvalue. Consider-
ing that ρˆ1(ζc) = (ρˆ+1(ζc) − ρˆ−1(ζc))/√2, ∥ρˆ0(ζc)∥ = 1,
and ⟨ρˆ+1(ζc), ρˆ−1(ζc)⟩ = 0, we obtain ρˆ0(ζc) = (ρˆ+1(ζc) +
ρˆ−1(ζc))/√2.
Having proved the first part, let us consider the eigen-
decomposition of ρˆ1(ζ) around ζc. Except at the critical
point, we have limt→∞ eLtρˆ±1(ζ) = ρˆ0(ζ)/Tr[ρˆ±1]. But, by
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hypothesis, all function are continuous, hence:
ρˆ±1(ζc) = lim
ζ→ζc limt→∞ eLtρˆ±1(ζ) = limζ→ζc ρˆ0(ζ)/Tr[ρˆ±1]= ρˆ+1(ζc) + ρˆ−1(ζc)
2
.
(A5)
Consequently, we find that at the critical point, ρˆ+1(ζc) =
ρˆ−1(ζc). This statement would require that at ζ = ζc
ρˆ1(ζc) = 0. This statement is absurd, since Lemma 4 of
Sec. IIA guarantees that ρˆ1(ζc) is a well-defined eigen-
vector of the Liouvillian. Therefore, by the absurd, we
deduce that the function ρˆ0(ζ) can not be continuous at
ζ = ζc.
Appendix B: Nonexponential decays and Jordan
blocks
In this appendix, we provide a simple analytic example
of a non-exponential decay associated with a Jordan block
structure of the Liouvillian. Let us consider a spin-1/2
subjected to the action of two competing decay channels
whose evolution obeys (h̵ = 1) [78]
∂tρˆ(t) = Lρˆ(t) = −i[Hˆ, ρˆ(t)]+ 2D[σˆ−]ρˆ(t)+ γ2D[σˆx]ρˆ(t),
(B1)
where Hˆ = ω2 σˆz. The steady-state density matrix can be
obtained as
ρˆss = 12γ +  (γ 00 γ + ) . (B2)
The eigenvalues of L are
λ0 =0,
λ1 = − γ − 2 +√γ2 − ω2,
λ2 = − γ − 2 −√γ2 − ω2,
λ3 = − 2γ − ,
(B3)
which are associated with the following (unnormalized)
eigenmatrices
ρˆ0 ∝ ρˆss = 12γ +  (γ 00 γ + ) , ρˆ1 ∝ ⎛⎝0
√
γ2−ω2−iω
γ
1 0
⎞⎠ , ρˆ2 ∝ ⎛⎝0 − iω+
√
γ2−ω2
γ
1 0
⎞⎠ , ρˆ3 ∝ (−1 00 1) . (B4)
The eigenmatrices ρˆ1,2 describe the decay of the σˆx,y
components with rate λ1,2, while ρˆ3 is associated with
σˆz and λ3.
This simple model is particularly interesting since, ac-
cording to the values of the couplings, it can display
different relaxation dynamics toward the steady state:
• If γ > ω the Liouvillian has 4 real distinct eigenvalues
(it is diagonalizable). In this case, the decay at long
times will be exponential. The asymptotic decay
rate is λ1.
• If γ < ω the Liouvillian has 4 distinct eigenvalues (it
is diagonalizable), 2 of which are complex conjugate
(λ1 = λ∗2). In this case, the decay at long times
will be an exponential decay of magnitude Re[λ1] =
Re[λ2] multiplied by an oscillating term given by
Im[λ1].
• If λ = ω we have λ1 = λ2 and ρˆ1 = ρˆ2: the Liouvillian
is not diagonalizable but it can be written in a
Jordan form.
The presence of a Jordan form has strong consequences
for the long-time dynamics. Indeed, given a general initial
state
ρˆ(0) = ( a b
b∗ 1 − a) , (B5)
the decay of the observables σˆx, y is given by
Tr[σˆxρˆ(t)] = 2e−λ1t(tω(Re[b] + Im[b]) +Re[b])
Tr[σˆyρˆ(t)] = 2e−λ1t(tω(Re[b] + Im[b]) −Re[b]), (B6)
hence not exponential. However, we stress that the asymp-
totic decay rate is λ3 for σˆz (purely-exponential decay).
We also remark on the strong similarity between the be-
havior of λ1,2 and that of the eigenvalues characterizing a
second-order phase transition. In both cases, a pair of two
complex-conjugate eigenvalues becomes real in proximity
to an exceptional point.
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